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Abstract. In this paper we introduce a simple space-filtration discretization 
scheme on Wiener space which allows us to study weak decompositions of a 
large class of Wiener functionals. We show that any Wiener functional has an 
underlying robust semimartingale skeleton which under mild conditions con- 
verges to it. The approximation is given in terms of discrete-jumping nitrations 
which allow us to approximate irregular processes by means of a stochastic de- 
rivative operator on Wiener space introduced in this work. As a by-product, 
we prove that continuous paths and a suitable notion of energy are sufficient 
in order to get a unique orthogonal decomposition similar to weak Dirichlet 
processes. In this direction, we generalize the main results given in Graversen 
and Rao 1241 and Coquet et al. in the particular Brownian filtration case. 

The second part of this paper is devoted to the application of these abstract 
results to concrete irregular processes. We show that our embedded semi- 
martingale structure allows a very explicit and sharp approximation scheme 
for densities of square-integrable Brownian martingales in full generality. In 
the last part, we provide new approximations for integrals w.r.t the Brownian 
local-time. 
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1. Introduction and discussion of the main results 

The main goal of this article is to provide a very explicit discretization scheme in 
order to approximate irregular cadlag processed adapted to the Brownian filtration 
(henceforth abbreviated by Wiener functional). We are interested in providing an 
underlying robust semimartingale skeleton which under mild and readable assump- 
tions converges in a weak sense to the original process. In this section, we give an 
overview of the main results without giving all the required technical assumptions. 

Discretization methods for stochastic systems have been always a topic of great 
interest in stochastic analysis and its applications. Since the pioneering work of 
Wong and Zakai we know that not every choice of discretization procedure will 
lead to good stability properties of elementary processes such as Ito integrals and 
related stochastic equations. In this direction, motivated by stability properties 
of backward stochastic differential equations and discrete-time approximations for 
continuous-time financial models, a number of works in the last few years have been 
written on theorems like "if (H n ,W n ) -> (H,W) then / H n dW n -> J HdW or if 
W n -> W then X n = J f(X n )dW n -> X = J f(X)dW". See the works [Ml [33 
[271 EH El 0] and other references therein. 

In order to get those convergence results one has to assume suitable compact- 
ness arguments which allow one to exchange the limits. In one hand, one may 
interpret such assumptions as simple technical arguments imposed on the system 
to get the desirable robustness. On the other hand, Graversen and Rao [M] have 
shown a closed relation between finite energy and the existence of Dobb-Meyer- 
type decompositions. More recently, Coquet et al [11] has proved the uniqueness 
of such decompositions by means of the so-called weak Dirichlet processes which 
can be expressed (uniquely) as the sum of a local martingale and a process which 
is orthogonal to local martingales. Introduced by Errami and Russo 19 with later 
developments discussed by Coviello and Russo [13] and Gozzi and Russo [33], such 
class of processes constitutes a natural generalization of Dirichlet processes, which 
in turn naturally extends semimartingales. 

While the abstract relation between energy (under deterministic partitions) and 
martingale decompositions of Wiener functionals seems to be well-understood, the 
results towards the obtention of fairly explicit and robust semimartingale approx- 
imating sequences by means of such types of compactness arguments is unsatis- 
factory. In this direction, one abstract question would be: Under which mild and 
readable conditions one may find a robust approximating sequence of smooth semi- 
martingales which converges to an irregular Wiener functional ? Moreover, can we 
obtain new classes of processes which can be fairly approximated by semimartin- 
gales ? This is the program that we start to carry out in this article. 

In this work, we are mainly interested in providing a strongly robust discretization 
scheme in a very constructive way which allows us to approximate a given Wiener 
functional. In order to illustrate the basic idea, let us assume that a given process 
X has an abstract representation 



(1.1) 




Processes with right-continuous paths and with finite left hand limits. 
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where B is the Brownian motion under its natural filtration F, N may be a dis- 
continuous non-semimartingale process and H is a progressive process which is 
completely unknown a priori. One of the problems addressed in this paper is 
the following one: Construct an explicit sequence of F fe -special semimartingales 
(X k ,M k ,N k ) given by 

X k =X + J H k dA k + N k , M k = J H k dA k , ¥ k C F, 
where H k is fully based on the information generated by X such that 



H k -> H, A k -> B, J H k dA k -> / HdB, N k — > N, ¥ k -> ¥. 

The main difficulty in answering this question comes from the fact that when 
X is very rough the joint convergence of (H k , J H k dA k ) to (H, J HdB) in general 
will not hold since H has no a priori path regularity. Similarly, N may be very 
irregular in such way that N k — > N will not hold either. A similar type of problem 
was addressed by Jacod et al. [27] in a pure martingale and Markovian setup at 
a fixed terminal time < T < oo. In [27] . they have provided reasonable explicit 
expressions for H k when B and N are replaced by orthogonal square-integrable 
martingales w.r.t an arbitrary filtration. More explicit expressions were proved by 
imposing an underlying Markovian structure. 

In this paper, we are interested in somehow more irregular objects such as non- 
Markovian and non-semimartingale processes restricted to the Wiener space. A 
typical example that we have mind is given by E[D t y|^ r t ] where Y is a square 
integrable random variable and D denotes the Gross-Sobolev derivative. Other 
examples of irregular processes that we are interested in this paper are given by 
the local-time integrals J K f(x)d x Lf where / e Lf oc (R) and Lf is the Brownian 
local-time. Processes of type f(B H ) arising from the fractional Brownian motion 
B H with 1/2 < H < 1 are also studied. 

In order to study Wiener functionals of type an abstract theory is de- 

veloped based on an underlying smooth semimartingale skeleton. Such embedded 
structure is generated by a space-filtration discretization scheme induced by a suit- 
able sequence of stopping times which measures the instants when the Brownian 
motion reaches some a priori levels. Two fundamental notions play a key rule in 
our results: Energy and covariations computed only in terms of the information 
generated by the Brownian motion on such stopping times. Generally speaking, we 
say that a given processes X has finite energy if 



(1.2) supE (X^-X t n f <oo, 

™ t?er>„ 

for a given deterministic refining sequence D n of subdivisions of [0, T] whose mesh 
goes to zero. The main result in [21] states that if X has finite energy then there 
exists at least one decomposition 



(1.3) X = X + M + N, 

where M is a local martingale and N is a predictable process which is orthogonal in 
some sense to martingales. Beyond the class of semimartingales, decompositions of 
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type (|1.3|) has been studied by several authors under different types of covariations 
whose the notion of orthogonality is computed. The first attempt to give a meaning 
to quadratic variations for a class of processes beyond semimartingales is due to 
Folmer [21] [22] by means of time-discretizations. A different type of covariation 
notion can also be considered via regularization which proves to be a fruitful way 
towards a non-semimartingale stochastic analysis. See Russo and Vallois |37j for a 
recent survey on this topic. 

In order to approximate a given irregular process of type (jl.ip in a very ex- 
plicit and robust way, we replace the classical notions of energy (|1.2[) and covaria- 
tion by means of a space-filtration discretization scheme which can be heuristically 
described as follows. For each k > 1, let {T k ) n > be the sequence of stopping 
times defined in ()2. 1|) . Let F fe be the filtration generated by the pure-jump process 
A k = B T k for {T k < t < T k +1 }. If X is a given Wiener functional, let 5 k X be 
the natural embedded semimartingale skeleton based on F fc (see (|2.10|) ). The fol- 
lowing two quantities will play a crucial role in this work. The classical notion of 
energy (|1.2[) is replaced by 

(1.4) £ 2 (X) = mpE[5 k X,S k X] T) 

k>l 

where [•, •] denotes the usual covariation between semimartingales. If X and Y are 
two Wiener functionals, we say that X and Y admits the <5-covariation if 

(1.5) (X,Y) S = lim [S k X,S k Y]. 

k — >oo 

exists in a weak sense. Contrary to previous works where the concept of covariation 
and energy are computed via time-discretization or regularization, the objects given 
in (|1.4|) and (|1.5|> can be viewed in a pure space-filtration discretization setup. In 
the sequel, we denote by H the space of square-integrable Brownian martingales 
starting from zero. The main results of this article are summarized by the following 
theorem: 

Theorem 1.1. Assume that a given Wiener functional X satisfies £2{X) < oo, 
linifc^oo S k X = X weakly and (X, B) s exists. Then there exists a unique orthogonal 
decomposition 



(1.6) X = X + M X +N X , 

where M x e H 2 and (N x ,W) S = for every W € H 2 . Moreover, there exists a 
pre-limit semimartingale sequence (M ' ,N ' ) — > (M x , N ) given by 12.16}) in 
a weak sense. In addition, if M x = J H x dB then 

(1.7) VX := lim — — — — — -h k lu Tk Tk = H x weak sense, 

71=1 1 n I n-l 

where h k is a regularizing sequence of deterministic smooth functions given in 12. Sty . 

The existence of the orthogonal martingale decomposition (|1.6[) in Theorem 11.11 
is very reminiscent from the early work of Graversen and Rao [24] and Coquet 
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et al. [llj . The main novelty of Theorem 11.11 is the obtention of readable suffi- 
cient conditions which allow us to find an explicit pre-limit robust semimartingale 
sequence (|2.16p converging to a given Wiener functional in terms of a stochastic de- 
rivative operator (|1.7|) . Moreover, the assumptions in Theorem [TTT] are rather weak 
in the sense that a mild path regularity in addition to finite energy are sufficient in 
order to approximate a given Wiener functional as the next theorem shows. In the 
sequel, H 2 oc stands for the local version of H 2 . 

Theorem 1.2. Assume that a given continuous Wiener functional X admits Z^iX^) < 
oo locally. Then (X,B) S exists locally and therefore there exists a unique decompo- 
sition 

(1.8) X = X + M + V 

where M 6 H 2 oc and V is 6-locally orthogonal to H 2 . Moreover, X can be approxi- 
mated (locally) by the sequence of semimartingales (M k ' X , N k:X ) in i2.16)) . 

The proofs of Theorems 11.11 and 11.21 will be given in Sections [3j Q] and [5] In 
Theorems 11.11 and 11.21 the (^-orthogonality relation means (Y, W) s = for every 
If 6 H 2 . A few words about the above theorems are convenient at this stage. 
Contrary to previous works where the notion of finite energy (|1.2p and continuous 
paths do not ensure a unique orthogonal martingale decomposition, Theorem 11.21 
guarantees uniqueness by taking advantage of the underlying smooth semimartin- 
gale skeleton induced by our space-filtration discretization scheme. For instance, 
neither Holder paths nor strong predictability (see [13]; Corollary 3.14) are assumed 
in Theorem 11.21 in order to get the orthogonal decomposition (II. 8|) . Moreover, in 
general the ^-covariation (|1.5p does not coincide with the ones given by Folmer [33] , 
Bertoin [S], Coquet et al [TT] and Russo and his collaborators [TH1H21GII]; but it coin- 
cides on the class of semimartingales. By combining Theorem 11.11 and Theorem ll.2[ 
we not only give a general statement on the existence - uniqueness of martingale 
decompositions but we show that every Wiener functional has an embedded ex- 
plicit semimartingale skeleton which under some mild conditions converges to it in 
a robust way. 

In the particular pure martingale case, the following general approximation 
scheme holds for the classical Ito representation theorem. In the sequel, D stands 
for the Gross-Sobolev derivative on the Gaussian space of the Brownian motion. 

Corollary 1.1. IfY is an square-integrable random variable then 
(1.9) 

VY = E,[DY \J-\ — hm y — — /i lrr T t T fc rr weak sense, 

71=1 J " n-1 

where are suitable finitely generated sigma- algebras. Therefore, the classical 
Clark- Ocone formula can be written as 

Y = E[Y] + / V s YdB s . 
Jo 

Contrary to previous works (see, for instance, [TH1 [T71 [3S] and other references 
therein) the approximation scheme given in Q1.9P is intrisic and it is rather explicit 
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without imposing smoothness in the sense of Malliavin calculus and no underlying 
Markovian or continuous semimartingale structure is assumed (see e.g [HUT]). We 
also have shown that for sufficiently smooth real functions /, the process f(B H ) 
satisfies the assumptions in Theorem II .11 for 1/2 < H < 1 and therefore we provide 
an explicit smooth pre-limit semimartingale sequence converging to f(B H ). See 
Proposition 16.11 

In the last part of this paper, we study the non-semimartingale term in the Ito 
formula given by f^° ag f(x)d x L^ where / G Lf oc (R) and {L x t ;x 6 E} is the Brow- 
nian local-time. It is well-known [361 GUI HB] that for any locally-square integrable 
function / it is possible to define 



(1.10) 



f{x)d 3 



f{B s )dB s — (F{B t ) — F(Boj) 



where / is the primitive of F. Moreover, F(B) is a Dirichlet process with the 
above decomposition. In this paper, we give a new proof of this result by using 
the structural Theorems 11.11 and 11.21 By taking advantage of our space-filtration 
discretization scheme, one only has to show that F(B) has finite energy in the 
sense of ()1.4|) . where upcrossing estimates play a key rule. The main result in this 
direction is the following approximation for integrals w.r.t the Brownian local time. 

Proposition 1.1. Assume that F is an absolutely continuous function with locally- 
square integrable derivative f. Then the expression U.10\) holds and if f G L 2 (R) 
we have 



- f(x)d x L x = lim — ^ / {F(A k s _+i2- k )-F(A k s _)}h k ;ds weakly. 

J -oo k^oo Z j __ 1 7o 

The proof of Proposition 11.11 is given in Section [7] and can be adapted to any 
square-integrable Brownian martingale by means of Theorem 11.21 This will be 
implemented elsewhere in a forthcoming paper. 

This article is organized as follows. In Section 2, we fix the notation and we 
give some preliminary results regarding the pre-limit sequence and its basic prop- 
erties. In Section 3, we establish the convergence of the semimartingale skeleton. 
In Section 4, we investigate basic properties of the resulting weak decompositions. 
In Section 5, we investigate the martingale representation in the weak decomposi- 
tions by introducing a stochastic derivative w.r.t Brownian motion. In Section 6, 
some examples are investigated and we establish a change of variables formula for 
our basic processes. In Section 7, we investigate in detail the Ito formula for the 
Brownian motion in the light of the theory developed in this paper. 



2. Preliminaries 

In this section, we fix the basic notation and framework that we use in this 
paper and present some elementary results concerning our approximation scheme. 
Throughout this paper we are given the usual stochastic basis (fi,F, F, P) of the 
standard Brownian motion B starting from 0, where f2 is the set C(R+;R) := {/ : 
K + — > R continuous; /(0) = 0}, T is the completed Borel sigma algebra, P is the 
Wiener measure on il and F := (Ft)t>o is the usual P-augmentation of the natural 
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filtration generated by the Brownian motion. We denote by O the optional sigma 
algebra with respect to F. 

For each positive integer k, we define Tq — a.s and 

(2.1) = inf{T*_ 1 < t < oo; \B t - B r »_ i | = 2- fc }, n > 1. 

One should notice that (T k ) n > is a sequence of F-stopping times for every fc. 
Moreover, T k < oo a.s for every k and n such that T k < oo => T k < T k +1 and 
| co a.s. as n — > oo for each k > 1. The (fc + l)th stopping time sequence is a 
refinement of the fcth in the sense that (T k )^ =0 is a subsequence of {T k+1 )^ =0 such 
that for any n > there exist j' x and j 2 , T^ +1 = T k and Tj; +1 = T k +1 . Moreover, 
if Zfe(n) = Bj-fc - ,B Tfc then Z fc (l), Z fe (2), • ■ • are i.i.d. with P(Z k (l) = -2" fe ) = 

F(Zk(l) = 2~ k ) = 1/2, where the independence property yields the differences 
T k — T* —1 are i.i.d as well with the same distribution as T*. 
Next we consider the following family of random variables 

!1 ; B n - B T k_ t = 2- k and T k < oo 
-1 ; B n - B T k ^= -2- k and T k < oo 
; T k = oo. 

We then define the following family of step processes 

oo 

A t = X! 2_fc<7 »l{T*<t}- 
n=l 

Let {T k )t>o be the natural filtration generated by {A k ; < t < oo}. One should 
notice that {T k )t>o is a discrete-type filtration in the sense that 

oo 

(2.3) r k = \j(g k n{T k <t<T k +1 }), t>o, 

i=0 

where Q% := {ft, 0} and T k k = Q k := a(T?, . . . , T k , a\, . . . , a k ). Moreover, since 
g k = a(A k ATk -s > 0) then Q* and T k coincide up to P-null sets on {T k < t < 
T k +l ). In other words, {T k ) t >o is a jumping filtration (e.g .26 ) with jumping 
sequence given by (T k ) n >i for each k > 1. With a slight abuse of notation we 
write T k to denote its P-augmentation satisfying the usual conditions, where F fe := 
(J- k )t>o- We also denote by O k and V the optional and predictable sigma algebras, 
respectively, with respect to F fe . 

In this work, the F fc -predictable and optional projections of a given measurable 
process X will be denoted by and °' ,C [X], respectively. The F fc -dual pre- 

dictable and optional projections will be denoted by [Y] p ' k and [Y]°' fc , respectively. 
We also denote by [X, Y] and (X, Y) the usual quadratic variation and angle bracket 
of a pair of semimartingales, respectively. The usual jump of a process is denoted 
by AY t — Y t — Y t - where F t _ is the left-hand limit of a cadlag process Y . Moreover, 
if T and S are stopping times then [[T, S]], [[T, S[[ and ]]T, S]] will denote the usual 
stochastic intervals. 

We now give some elementary properties of our discretization scheme. 
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Lemma 2.1. {^4^;0 < t < 00} has independent increments and it is a square- 
integrable ¥ k -martingale with locally integrable variation. Moreover, for every < 
T < 00 we have 

(2-4) sup ||B t -j4*|| <2- fc , fc>l, 

Q<t<T 

where \\ ■ denotes the usual norm on the space L°°(P). 

Proof. The estimate (|2.4j) . the independence of the increments and the locally in- 
tegrable variation property are immediate consequences of the definitions. For the 
martingale property we notice from (|2.3p that we can write 

00 

= { |J A n n [T k < t < T k +1 ];A n &G k ,n> o}, t > 0, 

where A k = B T k on [T* < s < T^ +1 ] for each n > 1. In this case, the usual optional 
stopping theorem gives the following representation (see also Remark 1 2. 3 [I 

E[B t \T k ]=A k a.s s<t, 
and therefore we may conclude that A k is an F fe -martingale. The integrability 
property follows from the well-known fact that 

00 

v ; II/ - — B T k ) 2 lL{ T k <T } < 00. 

n=l 

□ 

The following result turns out to be very useful for the approach taken in this 
work. In the sequel, we denote by tt the usual projection of x fl onto tt. For 
any measurable sets D and A we write D — A to denote D n A c , where A c is the 
complement of the set A. Moreover, Vfc>o-4fc denotes the sigma-algebra generated 
by Ufe>o-4fe for a sequence of classes {Ak]k > 0}. 

Lemma 2.2. The natural filtration of A k satisfies the following properties: 

(i) ¥ k is an increasing family of sigma- algebras such that Tt = Vfc>o -^t f or every 
t > 0. 

(ii) The sequence of filtrations ¥ k converges weakly to F. 

(Hi) For every O € O there exists a sequence O k € O k such that 

O k C O Vfc > 1, and P[tt(0) - n(O k )} — > Q as k -> 00. 

Proof. It is straightforward to check that T k C J- k+1 for every k and t > 0. 
Moreover, each cylinder set of the form {&! < B t < & 2 } can be approximated by 

(2.5) 

{61 + 2- k <A k <b 2 - 2- k } C {61 < B t < h} C {61 - 2~ fe < A\ < b 2 + 2- k } a.s. 

Thus proving part (i). To prove part (ii) we only need to show that for each B G J~t 
the sequence of martingales E[ls|^ fe ] converges in probability to E[1.b|.F.] on the 
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space of cadlag functions equipped with the usual Skorohod topology. But this is 
a simple application of ([ID], Prop. 4). Now let us fix an arbitrary < t < oo. 
From (|2.5p we know that for any cylinder set restricted on [0, t] we may find two 
sequences (-Df)fe>i i = 1,2 such that 

(2.6) DfcflC D%, V* > 1, 

where C L>i +1 and L>£ D L>2 +1 for every k > 1. From (JUIJ) it follows that 

(2.7) max{P[L> - Dj 5 ]; P[I)| - £>]} -> as fc -> oo. 

In fact, by a standard monotone class argument one can easily show that any 
set in Tt satisfies the above property. Now recall that O — cr(C) where 

C = {E x {0} : E 6 Jo}U {[s,t) x E : s < t;s,t e Q + ,E E T s } . 

From (|2.6[) and (|2.7[) it follows that for each A e C there exists sequences Of 
i = 1, 2 such that Of C A C Of and 

max{P[7r(A) - 7r(O fc ); P[7r(O fc ) - tt(A)]} as fc -> oo. 

Let O be an arbitrary optional set in O. It is well known (e.g [25]; Th. 4.5) that 
for any e/2 > there exists a sequence (i?„)„>i in C such that D := C\ n >\B n C O 
and P[7r(0) — n(D)] < e/2. We may assume that Bi D -B,:+i and they are given by 

Bi = Xi x [si,**); Xi e ,F S< . 
From the previous arguments there exists a sequence (E!?)i>i in 7 ,A: such that 
E\ C -Bi, i, fc > 1. Moreover, we may assume that E\ is given by the following 
generic form 

E\ = Af X [sf.ti-Oi], i>l, 
where in this case lim^oo P[-X"j — Af] = for every z > 1. Now one should 
notice that since [sj,t, — a,] are compact sets then [~lj>i [sj,tj — a,] ^ and hence 
7r(n„>ii?^) = n„>i7r(^) for every fc > 1. Therefore, it follows that 

n 

Pk(n? =1 Bi) - 7r(n? =1 ^)] = P[u? =1 7r(B w ) n tt g (^)] < X>[7t(b„) - - o, 

as fc — » oo. Since the double limit limfc i „_ i . 00 7r(n™ =1 i3i) — Tr(nf =1 Ef ) exists we may 
use the continuity of the measure to conclude that 

P[tt(D) - ■K{^i>iE^)] < e/2, 
for every fc sufficiently large. By writing 

P[tt(0)] - P[7r(n<>i£?)] = P[tt(0)] - P[tt(£>)] + P[7r(£>)] - P^H^i^)], 
we conclude the proof of the Lemma. □ 

In this work, the angle bracket (A k ,A k ) process will play a key rule in our 
approximation scheme. 
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Lemma 2.3. The angle bracket of A k is a deterministic continuous process given 
by 

(2.8) (A k ,A k ) t = f h k {s)ds, 

Jo 

where h k is the intensity of the jump process [A k , A k ]t = 2~ 2k X^^Li ^-{T k <t}- More- 
over, 

(2.9) sup \{A k ,A k ) t -t\ -s-0 as k — > oo. 

0<t<T 

Proof. It is well known that {(T k — T^^n > 1} is a sequence of i.i.d random 
variables with the same distribution of 2~ 2k r, where r = inf{t > :\ B t \= 1} 
is an absolutely continuous random variable. Then, the point process [A k ,A k ] t = 
2 _2fe X^Li l{T fe <t} has independent increments and the angle bracket (A k ,A k ) t is 
a deterministic absolutely continuous process. From (ii) in Lemma 12.21 and f[10j. 
Th.3), we know that [A k , A k ]. — > [B,B]. uniformly in probability as k — > oo. Since 
[A k , A ]t is uniformly integrable, the convergence stated in (|2.9|) holds. □ 

One should notice that since T k is not exponentially distributed, the point pro- 
cess J^nLi l{T fc <t} cannot have stationary increments although it is an inhomogc- 
neous Poisson process. Moreover, the deterministic kernel h k in Lemma |2~31 can be 
easily computed in terms of the Laplace transform of r. See e.g [9] for more details. 

Remark 2.1. Since T k is an absolutely continuous random variable and A k is a 
point process it follows that ¥ k is a quasi- left- continuous filtration. From |26j we 
know that every ¥ k - martingale has jumping times given by the totally inacces- 
sible stopping times (T k ) n >i. Moreover, ¥ k supports only martingales of bounded 
variation where ¥ k - local martingales are purely discontinuous. 

In the remainder of this paper, we will adopt the following terminology. 

Definition 2.1. We say that X is a Wiener functional if it is ¥-adapted and it 
has cadlag paths. 

Remark 2.2. Throughout this paper, if X is a Wiener functional then we assume 
that ¥\X T k | < oo for every k,n > 1. 

We now embed a given Wiener functional X into a sequence of ¥ k - quasi-left 
continuous bounded variation processes as follows 

oo 

(2.10) S k X t :=X + Y; E[^Til^]l {T *<t<r* +1 }. 

n=l 

Remark 2.3. (a) The usual optional stopping theorem implies that any F - mar- 
tingale M with Mq = a.s admits the following representation 

(2.11) 5 k M t = E[M T |^f] < t < T. 
In particular, A k = 8 k B. 

Next, our goal is to establish an explicit decomposition for the embedded semi- 
martingale skeleton (S k X)k>i in terms of a discrete-type derivative. 
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2.1. The approximate decomposition. In this section, we obtain an explicit 
Doob-Meyer decomposition for 8 k X. The following remark is a straightforward 
consequence of the definitions and the quasi-left continuity of S k X. 

Lemma 2.4. The process {S k Xt : < t < T} is an ¥ k -adapted process with locally 
integrable variation for each k > 1 . Moreover, there exists a unique ¥ k -predictable 
process N k,x with locally integrable variation such that 



(2.12) 8 k X t -X - N k ' x =: M k ' X 

is an ¥ k - local martingale. The process N k ' X is the ¥ k -dual predictable projection 
of 8 k X t — Xo which can be taken with continuous paths. 

From equation (|2.12p it follows that 5 k X is a special F fc - semimartingale and 
therefore the above decomposition is the canonical one. Next we aim at charac- 
terizing the elements of the decomposition (|2 . 1 2[) . One should notice that since ¥ k 
is not a completely continuous filtration (see (|2.2|) ). then A k cannot have a strong 
predictable representation. However, by the independence of its increments it is 
well-known that A k has the so-called optional representation (see e.g [25], Ex 13.9). 
That is, every F fe -local martingale starting from zero is represented by an optional 
integral w.r.t A k . 

In the remainder of this paper, we make use of the optional stochastic integra- 
tion w.r.t A k . We refer the reader to [HI [25] for all details on optional integrals 
used in this paper. We just want to mention here that since the filtration ¥ k is 
quasi-left continuous then the related optional integrals admit the usual operational 
properties of stochastic integrals with predictable integrands (see e.g. remark 35 
in [14], page 346). In this work, we denote by §1 Y s dA k the optional integral of an 
F fc -optional process Y . 

We now introduce a process which will play a key rule in this work. If 8 k X is the 
F fc -projection of a Wiener functional X, then we define the following F fc -optional 
process 



°° S k X T „ - 8 k X Tk 
(2.13) m k X:=J2—5 ~ 5— ^lltTi.T*]]- 

n=l J »> 

If 



(2.14) E^2\A8 k X T k\ 2 < oo Vm,fc>l, 

71=1 

then 



V 2 J k Xd[A k ,A% 



1/2 



(b k X Tli - 5 k X 

,71=1 



i 



1/2 



is a locally integrable increasing process for every k > 1. In this case, there exists 
a unique ¥ k - local martingale M such that for every bounded F fc - martingale V, 
the process [M, V] - J Q V8 k Xd[V, A k ] is an F fc -local martingale and 
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M t = I V s 8 k XdA k 
o 

t 

V s 5 k XdA k s 

o 

where J* T> s d k XdA k is interpreted in the Lebesgue-Stieltjes sense. 

Now let us write the decomposition (|2.12[) in a more convenient way. Since 
M k,x is a local-martingalc with locally integrable variation we can represent it as 
a compensated sum of jumps as follows 

M k,x _ yk _ [yfc]P.k. M k ' X = 0, 

where Y k = £ 0<s<f ^ k X s = J2o<s<t AM s J and [Y k f- k can be taken with 
continuous paths. Of course, by the quasi left-continuity of 5 k X one should notice 
that N k ' x = [Y k ]f k . 

Now let us consider the following representation 

°° AS k X k 

Y " = E -TTiT^^TiV^}. <t <T. 

n=l AA Tfc 

In other words, we may write Y k in terms of the following Lebesgue-Stieltjes integral 

Y k = [ V s 5 k XdA k . 
Jo 

Summing up the above arguments, we conclude that if X satisfies ()2.14|) then 
we arrive at the following optional representation for the martingale part in the 
decomposition (|2.12p 

M k ' x = j> V s 5 k XdA k ; < t < T. 

Of course, T>5 k X is the unique F fc -optional process which represents the mar- 
tingale M k,x as an optional stochastic integral with respect to the martingale A k . 
Let us characterize the remainder term in the decomposition (|2.12[) . 



VJ k XdA 



ii 



p.k 

I 



Lemma 2.5. The ¥ k -dual predictable projection of S k X — Xq is given by the con- 
tinuous process 



I U k ' x d{A k ,A k ) s , 0<t<T, 
Jo 



where U k ' x := E [Ak] [DS k X/AA k \ V k ] . Here E [Ah] [■\V k ] denotes the conditional 
expectation with respect to V under the Doleans measure generated by [A , A ]. 
Moreover, 

(2.15) U k ' X = 01 W=t} + E E ^ Xt - X t^ \Gn-i;T k = t]t {T ,_ i<t < Ti} 

n=l 
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Proof. Let us write Y k — J Q V s S k XdA k in the Lebesgue-Stieltjes sense. By the 
very definition 



E 



l {c} (s)dY s k 



= E 


[L 







t {c} (s)V s S k XdA k 



= E 



J2*{c}(T!;)V T ,5 k XAA k n 



E 



.n=l AA 



,n=l 

V k S k X 



TL {c} (s)U h '*(s)d[A k ,A k i 



E 



K {c} (s)U k < x (s)d(A k ,A k ) 



for every C 6 P . This concludes the first part of the proof. Let us now consider 
the following sequence of sigma-algebras Q k _ :— Gn-i v "'(^n), n > 1. We recall 
that for every C £ G k -, there exists a predictable process 77 such that H(T k ) = 1c 
and it is null outside the stochastic interval }]T k _ l , T k \] (see [8], Th. 31, pp. 307). 
Then, it follows from the first part that 



E 



[l c A^X Tfe l {Tfc < T} ] = E [ H(s)dY k 

Jo 

r T 

= E / H(s)U k ' x (s)d[A k ,A k ] s 
Jo 

= E[l c U k ' x (T k ) 2- 2k l {Tj .< T} ] • 
Since C is arbitrary and U k ' X a predictable process, it follows that 

E [A8 k X n \ {n < T} | Qt_\ = E [t/ fe <*(T„ fe ) 2- 2fe 1 {T ,< T} | 

= C/ fe ' x (T„ fc ) 2- 2fe 1 {T ,< T} . 
Then, one version of the conditional expectation can be written as follows 



U ' (t)l{ T fe_ i<t < T fc< T } 



E 



AS k X Tk 



y-2k 



r*k . rpk j. 



1 



{ T *-i<*< r n< r }' 



This concludes the proof of the Lemma. 



□ 



Summing up all previous results of this section, we then arrive at the following 
representation. 

Proposition 2.1. If X is a Wiener functional satisfying assumption \2.1J$ , then 
the unique ¥ k -special semimartingale decomposition (M k ' X , N k ' X ) in liB.lty) is ac- 
tually given by 



(2.16) 



S k X t = X + I V s S k XdA k + f U k ' x h k ds, 
Jo Jo 
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where the kernel JJ k,x is given by the expression \2.15\) . 

3. Weak decomposition of Wiener functionals 

In this section, we are interested in providing readable conditions on a given 
Wiener functional X in such way that 

X = lim S k X; M x = lim M KX ; N x = lim N k - X , 

k — >oo k — >oc k — >oo 

in a suitable topology. 

Under such assumptions, we are able to decompose X into a unique orthogonal 
decomposition 

X t = X + M t X + N X , 

where M x is a martingale and N x is an adapted process whose a specific type 
of covariation (See Definition 13. 2|) w.r.t Brownian martingales is null. Our main 
concern here is the study of such approximation in a very constructive and robust 
way, where the progressive process H x which represents M x must be given by a 
well-defined derivative operator w.r.t Brownian motion (see Section [5|). Moreover, 
in Section [4] we prove that the F fc -embedded semimartingale structure introduced 
in the last section allows us to obtain orthogonal decompositions for any continuous 
Wiener functional under a compactness assumption. 

3.1. Weak convergence and primary decomposition. In this section, we in- 
vestigate the convergence of our preliminary decomposition (|2. 16[) given in terms 
of the approximation scheme (^4 fe ,F fe ). By carefully choosing a suitable topology 
on the space of processes, our strategy will be fully based on the information given 
by the quadratic variation of the martingale part in the same spirit of |24j . 

One should notice that we need to choose an appropriate topology which has to 
be general enough to afford the non-martingale part in the decomposition (|2. 16|) . 
and at the same time takes into account the desired convergence of the ¥ k - local 
martingales M k,x to an F - local martingale. 

Let B P (F) be the set of all F - adapted process with cadlag paths and which are 
1 < p < oo Bochner integrable in the sense that 

(3.1) \\X\\ p BP =E\X}\ p <o , 

where X£ := sup 0<t<T \X t \. Of course, B P (F) endowed with the norm || • ||bp is a 
Banach space, where the subspace H P (F) of F - martingales starting from zero is 
closed. For us the most important case will be p — 1 . Even in this case, the above 
topology is quite strong to attend our needs. Recall that the topological dual M°° 
of B : (F) is the space of processes A = (A pr , A pd ) such that 

(i) A pr and A pd are right-continuous of bounded variation such that A pr is F - 
predictable with A pr — and A pd is F - optional, purely discontinuous, respectively. 

(ii) Var(A pd ) + Var(A pr ) E L°°, 

where Var(-) denotes the total variation of a bounded variation process on the 
interval [0, T]. The space M°° has the strong topology given by 
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\\A\\ M o. := max{||Vor(A pr )||o 0) UFar^)^}. 
The duality pair is given by 

,T ,T 

{A,X):=E X s _dA pr +E X s dA p s d ; X e B (F), 
Jo Jo 
where the following obvious estimate holds 

\(A,X)\<\\A\\ M ~\\X\\, 
for every A G M°°, X G B 1 (F). We denote ct(B\ M°°) the weak topology of B 1 (F). 
See the works ([l!],[15],[33]) for a detailed discussion on the weak topology of B 1 (F) 
restricted to the subspace of martingales H 1 (F). 

In this article, it will be also useful to work with the following notion of con- 
vergence. Actually, one can show that the set A 00 of the F - optional bounded 
variation processes of the form 

C = ,gl{5<.}; g E L°°(J? r s ), S is an F — stopping time (bounded by T), 
fulfills the Banach space B^F) in the sense that 

(3.2) \\X\\ Bl = sup{|(A, C)\; C e A°°, ||C|| M - < !}• 

Relation (|3.2p is given in ([15]; Lemma 1) and therefore we may also endow B 1 (F) 
with the er(B , A°°) - topology induced by the family of seminorms 

Ih(i,C) ; CeA°°. 

Remark 3.1. Actually, in |15j they have proved relation VS. 2^ on a larger space of 
the (only) measurable processes X such that Esup 0<t<T \X t \ < oo. Since B (F) is 
a closed subspace on in it, then one can easily check 113. ty) still holds. Obviously, 
a(B 1 ,A co ) is weaker then a(B 1 ,A4°°). However, relation 13. says that A°° is a 
norming subset of M°° and therefore A°° is w* - dense in M°° . 

Remark 3.2. A result due to Mokobodzki [3 3) states that if X n is a sequence of 
optional processes such that sup 0<4<T A™ is uniformly integrable and for every S 
stopping time the sequence Xg converges weakly in L 1 relatively to J~s, then there 
exists an optional process X such that A™ — > A in a^B 1 , M°°). As a consequence, 
if X n A in cr^.A 00 ) and sup < f <y |A"| is uniformly integrable we do have 
convergence in o~{B x , M°°). See also Dellacherie et al. |15) for more details. 

In the remainder of this paper, we shall write B p (H p ) to denote the space of 
Bochner integrable process (p-integrable martingales starting from zero) satisfy- 
ing (|3.1[) endowed with the Brownian filtration F. We now introduce the following 
quantity which will play a crucial role in this work. 

Definition 3.1. We say that a given Wiener functional X has p-finite energy 

along the filtration family (V k )k>i if 

oo 

(3.3) £ P (X) := supE V \A6 k X T k\ p l {T k< T} < oo, 1 < p < oo. 

fc >! n=l 
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Remark 3.3. The above definition is similar in spirit to the classical notion of 
energy (e.g |24j ) for p = 2, but with one fundamental difference: The relevant 
information contained in the energy of X comes only from the sigma- algebras Q k 
which reveal the information generated by the jumps of the projected Brownian mo- 
tion A k up to the stopping time T k . Moreover, the path continuity of the predictable 
part N k ' x in the decomposition of the special semimartingale 6 k X yields 

£ 2 {X) = supE[M fe ' X ,M^ x ] T . 

k>l 

In the remainder of this paper, if <?2(Y) < oo then we say that X has finite energy. 

We are now in position to study convergence of the decomposition given in (|2.16[) . 
In the sequel, we fix an element X e B 1 and let (M k ' X , N k ' X ) be the associated 
canonical decomposition expressed in (|2.16|) . Let us introduce the following family 
of F - martingales 



(3.4) 



jk ' X := E[M^ x \f t }; < t < T ;k > 1. 



In order to prove convergence of M k ' X to an F - martingale we may use some 
standard compactness arguments. For the sake of completeness we give the details 
here. 

Lemma 3.1. The family of random variables {[M k - X , M k - X ]t ] ( 2 : k > 1} is uni- 
formly integrable if, and only if, the sequence of stochastic process {Z k x : k > 1} 
is weakly relatively compact in H . 

Proof. For any Young moderate function <f>, the Doob and Burkholdcr inequalities 
yield 



sup | Z t 



k.X 



M k ' x 



< 



c E 



sup 

0<t<T 



M. 



k,X 



< C A E 



^([M k ' X ,M k ' X ]^ 



where and are constants which depends on the Young moderate function </>. 

The uniformly integrability of {[M k,x , M k ' x ]%,', k > 1} allows us to state that there 
exists at least one Young moderate function, also denoted by <f>, such that 



supE 

fe>i 



sup 

0<t<T 



z. 



k,X 



< C A 



sup 

k>l 



E {0 ([M k ' x , M fc '*]|)} 



< 00. 



Therefore {sup 0<t<T \Z^' X \;k > 1} is uniformly integrable and thanks to Th. 1 
in [T5] we conclude that the set of martingales {Z k,x : k > 1} is relatively compact 
with respect to the weak topology in H . 

Reciprocally, let us suppose that the sequence {Z k ' x : k > 1} is weak relatively 
compact in H 1 . Again, by applying ([15], Th.l) we know that {sup 0<t<T \Z^' X \; k > 
1} is uniformly integrable. By means of Doob and Burkholder inequalities, we then 



obtain that the family {[M 



k,X 



M 



k,X] 



I; k > 1} is uniformly integrable. 



□ 
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Lemma 3.2. If S is an F - stopping time then there exists a sequence of positive 
random variables (Sk)k>l such that Sk is an F fc - stopping time for each k > 1 and 
linifc^oo P(Sfc = 5*) = 1. Moreover, for any G G Ts there exists a sequence of sets 
(G k )k>i such that G k G T% , G k C G n {S < oo} for every k > 1, and 

lim P[G n {5 < oo} - G fe ] = 0. 

k — KX) 

Proof. Let S be an arbitrary F - stopping time. Since the graph [[S]] belongs to O 
we may find a sequence (O fe )fe>i satisfying item (iii) in Lemma [2.2l For an arbitrary 
e > 0, let fc be large enough in such way that 

PH[[S]])-n(O k )}<e/2. 

From the standard section theorem there exists an ¥ k - stopping time Sk such 
that 



[[S k ]] C O k C [[51] and ¥[n(O k )] < P[S k < oo] + e/2. 

Then it follows that F[n(S) -n([[S k ]])] = P[S k ± S] < e for k large enough. This 
allows us to conclude the first part of the Lemma. 

For the second part, let us recall that Ts PI {S < oo} = {$ _1 (0) : O G £>}, 
where $(u>) = (S(w),w) for any u> G jS* < oo}. Then, for any G G .Fs, there 
exists an optional set J G O such that G H {S < oo} = <f> _1 (J). We denote by J k 
the sequence of sets satisfying item (iii) in Lemma I2T21 and G k = < i> / 7 1 (J fc ), where 
®k(vj) — (S k (w), w) for any w G {S k < oo} and (Sk)k>i is the sequence of stopping 
times obtained form the first part. Then, we conclude that P[Gn {S < oo} — G k ] < 
P[tt(J) - rr(J fc )] -> as fc -> oo. □ 

Summing up the above lemmas we arrive at the following result. 

Proposition 3.1. Assume that X has finite energy along the filtration family 
(¥ k )k>i- Then the set {M k ' X ;k > 1} is ^(B 1 , M°°) - relatively sequentially com- 
pact. 

Proof. The Burkholder inequality implies that {sup 0<t<T |Af t ' |; fc > 1} is uni- 
formly integrable. Moreover, by applying Lemma I3TT1 we know that Z = {Z k ' X ; fc > 
1} is weakly relatively compact in H and therefore any sequence in Z admits a 
weakly convergent subsequence. With a slight abuse of notation, let us denote by 
Z k ' X this convergent subsequence in H 1 and Z the respective H 1 -martingale limit 
point. Let us fix an F - stopping time S which is bounded by the terminal time T. 
We now claim that M k > x — » Z in ^(B 1 , A°°). In other words, 

lim J M k s ' X gdF = J Z s gd¥ 

holds for every g G L°°{fFs)- Recall that (see [31], Corollary 2, pp. 118) it is 
sufficient to prove for indicator functions g = 1g where G G Ts- From Lemma l3~2l 
there exist a sequence of stopping times S k and G k G !Fg k satisfying lim^oo P[G — 
G k ] — 0. By construction, one should notice from the proof of Lemma 13.21 that 
Sk = S on G k for every fc > 1. Moreover, the martingale property yields 
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Z k ' X dF = 



G—G k 



M k ' x dP - 



E 



G k 



M k > x | T k k 



M, 



k.X 



G — G k 



M k ' x dl 



M k ' x dP + I Mg' A dI 



G — G k 



rk,X 



G—G k 



M k ' x dP - 



G — G k 



Mg' x dP 



M k ' x dP. 



Therefore, the uniform integrability assumption yields 



J z k s < x d\ 


P-J M k ' X dP 




[ M k ' X d¥ 








JG~G k 



M 



k,X 



G-G k 



as k — > oo. 



This shows that \\m k ^ 00 (M k ' X ,C) = (Z, C) for every C <G A°° and therefore we 
may conclude that lim^oo M k ' X = Z in the o^B 1 , A°°) - topology. The uniform 
integrability of {sup 0<t<T \M t ' |; k > 1} and Remark 13.21 allow us to conclude the 
proof. □ 



From the proof of Proposition 13 . II we actually prove the following result. 

Corollary 3.1. If X has finite energy then any sequence in the set {M k ' x ;k> 1} 
has a subsequence which converges to an¥ - martingale in the a{B x , M°°) topology. 
Moreover, all limit points are square-integrable ¥ -martingales. 

Now we are interested in studying the full convergence of the canonical decom- 
position 8 k X = Xo + M k ' X + N k ' . For this, a suitable notion of covariation will 
play a key rule in this work. Since we are primary concerned with processes which 
are not semimartingales we must state precisely what we mean by covariation in 
this context. Our definition of quadratic variation slightly differs from the classi- 
cal literature in stochastic analysis in a pure space-filtration discretization setup. 
Moreover, the convergence topology is weaker (in some sense) then usual uniform 
convergence in probability. 

We stress here that it is not our purpose to give a more general definition of a 
quadratic variation. Instead, we only need a slightly different type of approximation 
due to the (a priori) lack of regularity of the Wiener functionals. 

Definition 3.2. Let X and Y be Wiener functionals with ¥ k - projections, S k X 
and 6 k Y, respectively. We say that X admits the 6 -covariation w.r.t Y if the 
following limit 

(3.5) {X,Y)\ ■= lim [S k X,6 k Y] t 

k — *oo 

exists weakly in L 1 for every t € [0, T\. 
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Remark 3.4. Of course, even when 

oo 

lilll ^ ^ {^Xj^k Xrpk )(Yfk Yrpk )l|'7 1 fc<^ 



n=l 



exists weakly in L 1 for every t £ [0, T], we have in general 

oo 

(X,Y) 5 ± lim YiX n -X T * )(Y T k-Y T k U^.}- 
n=l 

Moreover, one can check that the 6-covariation given in 113. 5\) does not coincide 
with the covariations defined via regularization [37j . See however Corollary \KM re- 
garding semimartingales . One should notice that the continuity of the pair (N k ' X , N k ' Y ) 
yields 

[S k X,S k Y]. = [M k > x ,M k > Y ].. 

Next, we prove some technical results which will allow us to state Theorem 13.11 
which is the main result of this section. Not surprisingly, the quadratic variation 
and energy notions will play a key rule in our result. 

Lemma 3.3. Let H t = E[1g|JTj] and H k = E[lc|jr t fc ] be positive and uniformly 
integrable martingales with respect to the filtrations F and ¥ k , respectively, where 
G £ Tt ■ If W is a bounded ¥ -martingale then 



Jo 



H s dW s - <h H k d5 k W. 



as k — > oo. 



Proof. Throughout the proof we write C to denote a positive constant which may 
differ from line to line. Let us write 

r t r r r 

\ H s dW s - f H k d5 k W s = [H s - H k ]dW s + / H k dW s - f H k dS k W, 
Jo Jo Jo Uo Jo 

=: Tl{t)+Tl{t) < t <T. 

From the weak convergence of F fe to F (see (ii) in Lemma |2?2|) and the fact that H 
is a continuous process it follows that 



(3.6) 
Since 



H — ► H uniformly in probability as k — > oo. 



f (H k ~H t )dW t 
Jo 



B 2 



<C¥}/ 2 sup \H t - H k \ 2 [W,W] T , 

0<t<T 



we may conclude that TJJ — > in B 2 as k — > oo. 

In order to prove that T 2 vanishes when k — > 0, we split it into the following 
terms 



(3.7) 

T 2 k (t) 



f [H k - H k _] dW s - I [H k - H k _] d6 k W s + f H k _dW s - [ H k _d5 k W s , 
Jo Jo Jo Jo 
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where J* H k _dS k W s is considered in the Lebesgue-Stieltjes sense. Since W is 
bounded it follows that 



/ [H k -H k _]dW s 
Jo 



< CE 1 / 2 sup -H k _\ 2 [W,W] T 

0<t<T 

< C¥}' 2p sup \H k ~H k _\ 2p , 

0<t<T 



forp > 1. The quasi-left continuity of the family (¥ k )k>i, the uniform integrability 
of {sup 0<t<T \H k — H k _\ 2p ;k > 1} and (|3 - 6[) allow us to conclude from the above 
estimate that 



[H k - H k s _] dW s 



as k — ► oo. By using the representation S k Wt = § T> s 5 k WdA k , we shall estimate 
in the same way 



[H k - H k _] dS k W s 



< C¥}' 2 \H k - H k _\ 2 d[S k W,S k W} 6 



< CE 1/2 sup \H k -H k _\ 2 [S k W,S k W} T 

0<t<T 



< CE 1 / 2 ? sup \H k -H k _\ 2p 

0<t<T 







as k — > cxd. It remains to estimate the last part in (|3.7[) . From the weak convergence 
of ¥ k to F and (j2TT|) . one should notice that L k = W — S k W is an F-semimartingale 
such that L k — > uniformly in probability as k — » oo. We shall write 



H k _dW s - / i/ s fc _rf(5 fe VK s = / H k _dL k . 
10 Jo Jo 

We now claim that (i? fc , L fc ) satisfies the assumptions of Theorem 2.2 in [3T]. At 
first, by the linearity of the conditional expectation operator we do have {H k , L k ) — » 
(i/, 0) in probability on the two-dimensional Skorohod space. Moreover, one can 
easily check that L k satisfies assumption C2.2(i) in [31], and therefore 



H k _dL k — > uniformly in probability. 



Again by usual compactness arguments we do have convergence in B 



□ 



In the sequel, if X is a Wiener functional and S is a stopping time then we 
denote Xf := Xsm- 

Lemma 3.4. Let X be a finite energy Wiener functional with the ¥ k -decomposition 
given by (M k ' x , N k ' x ). Let M k ' X be a convergent subsequence such that M k,x — > Z 
m a(B\ M°°), where Z e H 2 . LfW e H 2 , then 



lim [M k ' x , S k W] t = [Z, W] t weakly in L 1 

k^oo 
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for every t G [0, T] . 

Proof. With a slight abuse of notation, let Z k,x be the F-martingale subsequence 
obtained from (|3.4j) . Proposition 13.11 and Lemma [3.11 such that lim^oo Z k ' X 
Z and lirm^oo M k > x = Z in o^B 1 , M°°). Thanks to Th.7 [15], we know that 
[Z k > x , U] t ->[Z, U] t weakly in £ X (P) for every t G [0, T] and U a BMO F-martingale. 
Given G G J^t, let us consider the F fc -martingale 7J 4 fe = Eflcl^ 1 ]. Let W be a 
bounded F-martingale. At first, one should notice that the finite energy assumption 
gives M k ' X G H 2 (F fc ) for every k > 1. By using the F fe -dual optional projection 
property we shall write 



E[l G [M fc < x ,<5 fc W]t] = E 



H k d[M k ' x ,8 k W 



E[M k ' x , J k ] t 



M*' x J k 



0<t<T, 



where J k is the F fc -square-integrable martingale given by the optional integral 
§ H k d8 k W . In the same manner, we have that 



E[l G [Z k > x ,W] t 



H s d[Z k ' x ,W] s 



= E[Z k ' x , J] t = E 



r,k,X j 



< t < T, 



where J is the stochastic integral J HdW and H = E[lo|JF.]. Moreover, 



E Z t fe ' x J t - E M^ x J k 



= E M t fe,JC ( J t - J ( 



E (Ml 



rk.X 



Z*' X ) J t 



=: T k (t)+T k (t) 0<t<T. 

We fix t G [0, T] and we notice that it is sufficient to prove that T k (t) + T k (t) — > as 
— > oo. The first term limfc^oo T k (t) = because of the finite energy assumption 
and Lemma 13.31 For the second term, let S'at be a localizing sequence of stopping 
times in such way that J Sn is a bounded martingale for every N > 1. The second 
term can be estimated as follows 



|T 2 fe (i)| < E 1/2 |M t fc ' x - Z t fc ' x | 2 E 1/2 |J f - jf N \ 2 + |E(Mj 



fc,X 



< CE 1 / 2 1 J t - Jf N | 2 + |E(Af t fe ' X - Z t K ^ ) Jf" | . 

By noting that both subsequences Z k ' X and M k ' X converge to the same limit in 
^(B 1 , M°°), the above estimate allows us to conclude the proof of the Lemma for 
bounded martingales and since they are dense in H , the result follows. □ 

The following immediate consequence of Lemma 13.41 gives the existence of the 5- 
covariation (X, Y) s for any X and Y square-integrable continuous F-semimartingales. 

Corollary 3.2. If X and Y are square-integrable continuous F ' -semimartingales 
then {X,Y) S = [X,Y]. 



7 k,Xs 
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Proof. At first, we consider a pair of martingales (M,W). From (|2.11j) we know 
that S k M t — EfMyl^-J] for every M G H 2 . The weak convergence of F fe to 
F (see (ii) Lemma [^^|) yields 8 k M — » M uniformly in probability and since £^{M) < 
oo we do have S k M — > M strongly in B 1 . A simple application of Lemma EOl then 
gives 

(M, W)\ = lim [5 k M,S k W] t = [M,W] t , 

k — >oo 

where the limit holds weakly in L 1 for every < t < T. 
It remains to check that 

(A, Y) s = if A and Y are bounded variation processes, 

and 

{X,Y) 5 =0 ifyeH 2 andA is a bounded variation processes. 
Let us fix g G L°°, t G [0, T] and X and Y two square integrable F-semimartingales. 
Let H k — E[g|J rfe ]. The F fc -optional duality and Kunita-Watanabe inequality yield 

\Eg[S k X, 8 k Y] t 

< E [ \H k \\d[S k X,S k Y] s \ 
Jo 

(3.8) < CE 1 / 2 [S k X,S k X] T xE^ 2 [6 k Y,S k Y] T . 

If A and Y are bounded variation processes then £2 (A) = £2(Y) = 0. If X G H 2 
and Y has bounded variation, we have ^(A) < 00 and £2(Y) = 0. Therefore, the 
estimate p.8|) allows us to conclude the proof. □ 

Now we are able to prove the main result of this section. 

Theorem 3.1. Let X be a finite energy Wiener functional such that lim^oo 6 k X = 
X weakly in B 1 and let (M k ' X , N k ' X ) be the canonical decomposition of S k X. If 
(X,B) S exists then there exists a unique martingale M x in H 2 such that N x := 
X — Xq — M x satisfies the following orthogonality condition 

{N X ,W) S = 0, 

for every W G H . If this is the case, we may write X = Ao + M x + N x and this 
decomposition is unique. Moreover, M k,x — > M x and N k ' X — > N x weakly in B 1 . 

Proof. If A has finite energy then by Proposition 13 . 1 1 we know that {M k ' X ; k > 1} 
is o^B 1 ,M°°) - relatively sequentially compact. By assumption {X,B) S exists and 
therefore Lemma IX4l implies that for any martingale limit points M and M' we have 
[M-M',B] = 0. In this case, M k - X should be convergent and (A, B) s = [M X ,B], 
where M x = lim^^ M k ' X . Let N x := lim^oo N k ' X weakly in B 1 . Let W be 
an F-square-integrable martingale. By the very definition 

S k N x = M k ' x - S k M x + N k ' x , 
and the continuity of N k,x yields 



E f H k d[5 k X,6 k Y] s 
Jo 
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[S k N x , 5 k W] t = [M k ' x - S k M x , S k W] t , < t < T; k > 1. 

Corollary [321 and Lemma I31E1 allow us to conclude that (N x , W) s = 0. The unique- 
ness of the decomposition is an immediate consequence of the orthogonality of the 
non-martingale part combined with Corollary 13. 21 □ 



Remark 3.5. Theorem ] 3. 1\ is very reminiscent from the early work of Graversen 
and Rao |24j where the concept of energy plays a key rule. More recently, Co- 
quet et al. [llj have shown the connection between energy, weak Dirichlet processes 
and existence of covariation. Up to a quadratic variation notion, the result given in 
Theorem \3.1\ is analogous to Theorem 2.1 in There are two fundamental differ- 
ences here: Firstly, we are able to show explicitly a robust approximating sequence 
of semimartingales in terms of a stochastic derivative. See Section [5] Secondly, 
the covariation operation (•, -) s is rather different from previous works on Dirichlet 
processes (see e.g [6], [19], [13], [10] and other references therein), although in some 
cases may coincide (see e.g. Corollary \3.2\ and Lemma \l.J$ . The key point here is 
that the relevant structure in our decomposition comes only from {T k )k^ n >i via the 
embedded semimartingale skeleton 5 k X . 

It is natural to ask what relation the approximation stated in Theorem 13.11 has 
to standard decompositions. The conditions in Theorem 13.11 do not appear to be 
easily verifiable at first sight. The next section is devoted to providing useful char- 
acterizations which provide sufficient conditions for the assumptions in Theorem l3.ll 
to hold. Moreover, we are going to prove that under a mild path regularity, the 
finite energy property is sufficient in order to get a robust pre-limit semimartingale 
sequence. 



4. The (5-weak Dirichlet processes and other decompositions 

Throughout this section, all the Wiener functionals are assumed to belong to 
B 1 . This is not a strong assumption since by localization all the Wiener functionals 
are locally bounded. In the sequel, we give some useful characterizations of The- 
orem 13.11 The first result states that under strong B 1 -convergence the following 
result holds. 

Proposition 4.1. If a Wiener functional X satisfies 8 k X — > X strongly in B 1 and 
£2(^0 < 00 then (X,B) S exists and it satisfies the assumptions in Theorem \3.1\ 

Proof. Throughout this proof C will denote a generic constant which may differ 
from line to line. We claim that under the above conditions \m\k^r yo [o' k X , A k ] t 
exists weakly in L 1 for every < t < T. For this, we fix t £ [0, T], g £ L°° and we 
will show that 



Eg[S k X, A% is Cauchy in R. 

We have 
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Eg([5 k X,A k ]t-[5 k - 1 X,A k - 1 ]t)\ < \Eg[5 X, A - A ] 



\Eg[S k X -S k - 1 X,A k '- 1 }t 



The first term can be estimated as follows 

\J k {t)\ < CE[S k X,6 k X] 1 T /2 [A k - A k -\A k - A k -% /2 

< C£ 1 2 /2 {X)E 1 / 2 [A k - A k -\A k - A k - X ] T -> 

as k —> oo. For the second term, we recall that (T*)i>o is a refinement of (T k ~~ )j>o 
in the sense that for a given n > 1 there exists j\ and ji such that T k ~ x = and 
= T k t . Moreover, by the very definition 

(4.1) 

{(^A^-^H^OK \J[[T k ,T k }}, {(t, W );AA t fc - 1 M^O}C U^n,^]]. 

n>0 n>0 

If y t fc := <5 fe Jf 4 - S^Xt we notice that 

AY^fc = A5 k Xfk — (5 k ~ 1 Xrpk — d k ~ 1 Xrpk_) 

= A6 k X T k ~ {8 k ~ l X T k - 5 fc - 1 X T fc_ i ) 

(4.2) = (S k X n ~ 5 k ^X T k) + {5 k - 1 X T k_ i - S k X T k_ i ) a.s on {AA k Tk i ^ 0}. 
Taking into account (|4. 1 [) and (|4.2p . we arrive at the following estimate 



|J 2 fe (i)| < 2-( fc - 1 ' 



+ 2-( fe - 1 > 



E 



>i- / {^*fc 1 >o,rfc<t} 



E 



gtAY£ fc cflE 



= : J k A (t) + J k >2 {t). 

It is sufficient to estimate J k \{t) since the other term can be estimated in the 
same way. We now claim that J k 1 = {J k i(t);k > 1} is relatively compact in 
R where all limit points are equal to zero. With a slight abuse of notation, let 
(^ai(*))fc>i b e a sequence in J^. By the strong convergence S k X — > X in B 1 , for 
a given m > 1, we may pick up ko(m) such that 
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(4.3) 



E sup \5 k X t 

0<t<T 



Vfc > fco(m). 



Therefore, from (J472J) and (|473j) it follows that 



E 



=1 J{Ai j^OJK*} 



< 



m 

/ < On 



for k sufficiently large. In this way, we may find a subsequence such that 



lim 

i — >oo 



fc(.)-i >0T M»)< t} 



gAY^ 



< 



/ ' On 



< 00. 



This shows that lim,- 



0. Moreover, from the above argument we 



notice that any sequence in J k i admits a subsequence which converges to zero and 
therefore the entire sequence J 21 must converge to zero. Hence, we may conclude 
that {X, B) s t exists for every t £ [0, T] and therefore X will satisfy the assumptions 
of Theorem O □ 



We recall that our concept of finite energy (Definition 13. 1| is taken with a con- 
ditional expectation point of view. It is natural to ask what happens without 
conditioning on the information flow Q k , k, n > 1. In the sequel, we introduce the 
following notion of energy 

£i(X) :=supEV(X Tfc -X T * ) 2 l {Tfc < T} . 
k>i " " 1 

— n>l 

The quantity £f(^0 coincides with the classical notion of energy restricted on 
the family of stopping times {(T k ) n >o; k > 1} and it is certainly easier to check 
than £ 2 (X). We do not know if in general £i(X) ^ £ 2 (X) but the next result gives 
a useful result in this direction. If X is a Wiener functional then we shall define 
the following process 



n 



k.X 



E 



X 



D 



Br, 



±1 



[K,T£]]- 



Proposition 4.2. The ¥ k - stochastic derivative T>8 k X given in H2.13]) is the ¥ k - 
optional projection ofH k ' X . Moreover, 

(4.4) £ 2 (X) < £§(X). 

Proof. By the very definition 



X 7 



Xrpk 



B 



j ■ k 



Br, 



[x n \g^]-nx n _ 1 l_ggj 

Bfk — Brpk 



We recall that Q k = G k ^ V a{T k ,B T k - B Th ). Since X is F-adapted we do 
have 



Xrpk E [ Xrpk \3~T k ^ ^(^1 Bj^k Brpk )] . 
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Therefore, one can easily check that 
E[X T >\g*]-E[X T H \g k _ 1 ] 



5 k X n 



B 



Br, 



B 



'J'k 



Br, 



V k Tk 5 k X. 



Since F§ n {T k < S < T k +1 ] = G k n {T k < S < T k +1 } up to null P-sets for every 
F fc -stopping time S, then the representation follows. Now a simple application of 
Jensen inequality and the F fc -optional duality yields 



S 2 (X) 



< 



supE f (V s 8 k X) 2 d[A k ,A k ] s 

fc>l Jo 

d[A k ,A k ] 



sup 

fc>i 



sup J 
fc>l 



sup 

fc>l 



oo 

E 

,n=l 



(H^ x ) 2 d[v4 fe ,v4 fe 

( 



X 



X 



1 



{T*<T} 



£' 2 {X). 



□ 



Since all results in this paper holds for £ 2 we continue our analysis along this 
energy concept. In the sequel, it will be useful to introduce the following notations. 
We write X_LH 2 to denote that (X,W) S = for every W € H 2 . In view of 
Theorem 13. 1[ it is natural to introduce a class of finite energy Wiener functionals 
X which can be decomposed as 



(4.5) X = X + M + V, 

where M € H 2 and yi-H 2 . Such decomposition will be called a ^-decomposition. 
Bearing in mind the concept of weak Dirichlet processes (see e.g [19l [TT1 [13] and 
other references therein), the following definition is natural. 

Definition 4.1. The class of Wiener functionals which admits a decomposition of 
the form J^.5| ) are called finite energy S-weak Dirichlet processes. 

Remark 4.1. By the orthogonality relation and the fact that (M, W) s = [M, W] 

for every M, W £ H , if there exists a 5 -decomposition then it must be unique. 

Let us begin with the localization results. The following definition is natural. 

Definition 4.2. We say that X is a local finite energy 6-weak Dirichlet pro- 
cess if there exists a non- decreasing sequence of F-stopping times (T m ) m >o with 
lim m ^oo T m = oo a.s such that, for each m, the stopped process X Tm is a finite 
energy 5-weak Dirichlet process. 

Next we aim at providing local properties for the class of finite energy 5-weak 
Dirichlet process. For this, we need the following lemmas. 

Lemma 4.1. If M € H 2 then [S k M,A k ] s -> [M,B] S weakly in L 1 for any F- 
stopping time S bounded by < T < oo. 
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Proof. Let S be the algebra generated by the sets G x {0} and G x (s,t\ where 
G £ Tt ad < s < £ < T. A direct application of Corollary 13. 21 yields 



(4.6) 



lim E / l {D} d[S k M,A k ] s =E [ l {D} d[M,B] s 
k ^°° Jo Jo 



for any D £ S. We claim that S is a monotone class. Let (Z?i)i>i be a sequence in 
S such that Di C -Dj+i for any i > 1 and let Z? = Ug^-Di- We shall write 



E/ l {D} ( S )d[5 fc M,A fc ] s -E / l {D} ( S )d[M,B] s = 
Jo Jo 

E/ l^Wd^il^-E / l {D _ Di} (s)d[M,B] s + 
Jo Jo 

E / l {234} (s)d[(y fc M,i4 fc ],-E / l {23t} («)d[M,B],=:r 1 (A,i)-T 2 (i)+T 3 (A,i). 
Jo Jo 

By using the finite energy of M and the fact that sup fe>1 sup 0<t<T \h k (t)\ < oo, 
we may find a positive constant C > which does not depend on k and i such that 



1/2 



(4.7) |Ti(M)|<c(jT P(I>-A).<is) 

where (D — D,) s is the s-section of the set D — D, for Q < s < T. By combining (|4.6p 
and (|4.7[) we conclude that 5 is a monotone class and therefore it contains the 
T T x B([0,T]). By taking [[0,5]] £ J~t X S([0,T]), we have 



lim [5 fe M, A fe ] s = lim / 1 [[0 511 d[5 fc M, A k ] 



/ l [[0 ,s]]d[Af,B]. = [M,fl]s weakly in L\ 
Jo 



and therefore we may conclude the proof. □ 

Lemma 4.2. Let X be a finite energy Wiener functional such that (X 7 B) s = 
nd 

X s has finite energy as well. 



and let 5 be an ¥ -stopping time such that X s is bounded. Then (X s , B) s — and 



Proof. For a given t £ [0, T], let us decompose A fc ] t as follows 



[(5 fc X s ,A fc ] t 



OO 



E 



: Ji + J 2 fe + J3 + J4 ■ 
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By using the finite energy and the orthogonality assumptions we can apply the 
same arguments of Lemma |4~T1 to show that J k — > weakly in L 1 as k — ► oo. Again, 
the orthogonality assumption yields J| — > weakly in L 1 . The term J k vanishes 
weakly because |A^4^ fc | = 2~ k for every k,n and X s is bounded. So it remains to 
estimate the third term. For this, let us denote M. — E(X$ \ J-.) and notice that 

J k = [S k M,A k } t l {s < t} - [S k M,A k } s l {s < t} . 
Lemma 14.11 yields 

km J k = lim [S k M,A k ] t l {s <ty- Hm [S k M, A k } s TL { s<t} 

k — >-oo k — ^oo k—*oo 

= [M,B] t l {S < t} -[M,B] s t {s < t} 

= [M, B} s l {s < t} - [M, B} s l {s < t} = weakly in L l . 

By using the same above arguments, one can easily check that X s has finite energy 
as well. □ 

Definition 4.3. We say that a given Wiener functional V is 8-orthogonal to H 2 
with finite energy ifV-LH 2 and £2(^0 < 00 • We say that a given Wiener functional 
V is S -locally orthogonal to H 2 with finite energy if there exists a non- decreasing 
sequence (T m ) m >o of F-stopping times with hnim^oo T m = 00 a.s, such that V Tm 
is S-orthogonal to H 2 with finite energy. 



The following result is an immediate consequence of the definitions and Lcmma [4.2 
For the convenience of the reader, we give the details here. 

Proposition 4.3. If X is a local finite energy 5-weak Dirichlet process then there 
exists a unique decomposition 



where M G H 2 oc and V is S-locally orthogonal to H 2 with finite energy. 



X = X + M + V 

— j \r „„ X 1 — ,„ 

loc 

Proof. Let (T„) be a localizing sequence of X. Let 

X Tn = X a + Ml 1 + V t n 
be the ^-decomposition where y™_LH 2 and M" 6 H 2 . We fix n > 1 and we consider 
the stopping times 

R m := ia£{t > 0; \V t n \ > m} A inf{t > 0; \V t n+1 \ > m} A T n A T; m > 1. 
Then 

(Af"+ 1 ) /? - - (M n ) fl ™ = (x T "+i) fi ™ - (x T -) R ™ 

+ (y n ) R m _ (y«+l)B m 
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Lemma l4~2l and Corollarv l3.2l give us 

((M™ - M n+1 ) Rm , B) s = \{M n - M n+1 ) R "\B] = 0, 

and in this case we must have (M")- Rm = (M n+1 ) R ™ and (V™) fl -™ = (V™ +1 ) fl '™ on 
[[0, Rm{[ for every m > 1. Moreover, since lim™-^ i? m = T n AT a.s we see that 
M" and Af" +1 as well as V n and V n+1 coincide on [[0, T n AT[[. Therefore, we shall 
define 

M := M" on [[0, T n A T[[ 

V:=V n on [[0,T n AT[[. 

Of course, M € H 2 oc and V TrlAT _LH 2 for every n > 1. We now check that 
this indeed is the unique decomposition. Let us assume that there is another 
decomposition X = Xq + Y + Z. Let I n and J n be localizing sequences for Z and 
Y, respectively. That is, Y J " e H 2 and Z In ±R 2 , £ 2 {Z U ) < oo. Let if n = inf{t > 
0; \Z t \ > n}, Q n = inf{t > 0; |V 4 | > n} and ^ = T n A I n A J n A K n A Q n A T. Again 
Lemma 14^1 and Corollary O give us (M s " - Y s ") = (Z s " - V s "), 
where 

(M Sn - Y S " : B) S = [M Sn - Y S ",B] = 0. 

Since M s ™ — Y Sn is a martingale such that M n — Y n = a.s, we do have 
M Sn = Y Sn and Z Sn = V s " a.s for every n > 1. By taking n — * oo we conclude 
the proof. □ 

Thanks to [[TU]; Th.l], we know that if a given Wiener functional X has contin- 
uous paths then 

(4.8) E[X|^*]-vX uniformly in probability 

as k — > oo. In view of Proposition 14.11 and (|4.8[) . it is natural to introduce the 
following property. We say that X satisfies condition (BUI) if 

(BUI): The family sup n > 1 E[| Xfk | \Gn] -f { T k <t} is uniformly integrable. 

Remark 4.2. By the Doob maximal inequality, one should notice that if X 6 B p 
for some 1 < p < oo then it satisfies condition (BUI). 

The combination of condition (BUI), path continuity and finite energy yields the 
main result of this section. 

Theorem 4.1. If X is a continuous Wiener functional such that £2{X) < oo 
(locally) then it is a local finite energy S-weak Dirichlet process and therefore there 
exists a unique decomposition 



(4.9) X = Xo+M + V, 

where M £ Hf oc and V is 5-locally orthogonal to H 2 with finite energy. 
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Proof. Let (T m )) m >o and (R m ) be the localizing sequences of stopping times such 
that X Tm is bounded and £^(A m ) < oo for each m > 1. Let us define S m :— 
T m A R m , m > 1. Of course, X m is continuous and bounded and therefore Re- 
mark [472] combined with (|4.8[) yields <5 fc A Sm — > X strongly in B 1 for every m > 1. 
Moreover, Lemma 272] says that ^(A^ 7 ™) < oo implies £i(X m ) < oo as well. By 
Propositions 14.11 and 14.31 we conclude the proof. □ 

Remark 4.3. Of course, by localizing we are able to approximate the elements 
in by means of the pre-limit semimartingale sequence of Theorem \3.1\ There- 

fore, Theorem \1.2\ is an immediate consequence of Theorem \4-.l\ 

It follows directly from the results of this section that any continuous local strong 
Dirichlet process (see e.g [6]) is a local 5-weak Dirichlet process which in turn 
implies that continuous semimartingales are local <5-weak Dirichlet processes as 
well. Moreover, all the correspondent canonical decompositions coincides with the 
(^-decompositions. As far as weak Dirichlet processes are concerned, we should 
stress that <5-weak Dirichlet processes and weak Dirichlet processes are not directly 
comparable because of the ^-covariation (•, -) s which in general does not coincides 
with the usual brackets in the literature [T9], ITBT [TT] . 

4.1. Some remarks about Theorem 14.11 As far as continuous adapted pro- 
cesses are concerned, one should notice that the existence of [X, B] (in the sense of 
regularization [37]) is closely related to path regularity (e.g Holder paths) and a re- 
strictive probabilistic structure like strong predictability (see [13]; Corollary 3.14). 
Theorem 14.11 allows us to state that in the Brownian filtration case, any F-adapted 
continuous process with finite energy along (¥ k )k>i admits the (5-covariation w.r.t 
Brownian motion. 

In contrast to previous works [2H [TTJ Q731 HH] where finite energy does not guar- 
antee a unique orthogonal decomposition, the advantage of the ^-decomposition is 
that the concept of finite energy (along (F fc )fc>i) in addition to a mild path reg- 
ularity ensure a unique martingale decomposition. In fact, let A be a continuous 
Wiener functional such that 

supEV (A ti - A ti _J 2 < oo, £ 2 (A)<oo 
TeT uer 

where T denotes the set of dyadic partitions of [0, T]. Assume that [A, B] does not 
exists in the sense [TT]. Then from Graversen and Rao ([M]; Th. 1) and Coquet 
et al. ([UJ, Th. 2.2) there is a natural martingale decomposition which cannot be 
unique. Theorem 14 . 1 1 yields the existence of a unique local ^-decomposition. 

5. Martingale representation and the stochastic derivative 

In this section, we provide an explicit approximation scheme for the predictable 
martingale representation in the (^-decomposition given in Theorem 13.11 The ap- 
proximation will be given in terms of T>8 k which can be interpreted in the limit 
as a derivative operator on the Wiener space (see Definition 15. ip w.r.t Brownian 
motion. In general, we are able to prove differentiability w.r.t Brownian motion for 
a large class of Wiener functionals satisfying a mild integrability assumption. 

For a given Wiener functional A, we introduce the following family of F*- 
predictable processes 
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(5.1) V k X = 01[[ r fc )T *]] + ^ ^T^ 1 ' Xhk h]T*,T!; +1 ]]> 

where 

V T k5 k Xh k {s) = " n -' h k (s), 

on {T k < s < T k +1 }, n > 1. Here h k is the intensity of the jump process [A k , A k ] 
given in Lemma 12.31 

We also introduce the following family of step processes 

oo 

V k X = 01[[ T fc )T *]] + ^ V T k5 k Xl ]]Tk T k ^ ^ . 

n=0 

One should notice that 

V k X - V k X = V T kS k X(h k (s) - 1) on {T k < s < T k +1 }, n > 1 

and therefore, V k X and V k X are identical up to the continuous function h k . In view 
of Theorem 13. 11 the goal of this section is to show robustness of our approximation 
scheme in the sense that 

lim V k X = H x weakly 

k — >oo 

whenever X is a finite energy (5-weak Dirichlet process with decomposition X — 
Xq + f Q H x dB s + N x . More general conditions are provided for Wiener functionals 
with p- finite energy for p ^ 2. One should notice that since there is no a priory 
path regularity of X (in particular H x ) one has to choose an appropriate topology 
in order to get the existence of lim^oo T) k X. In the sequel, we denote by A the 
usual Lebesgue measure on [0, T] where < T < oo is fixed. 

One should notice that it does not make any difference to work with (|5.1[) or the 
correspondent F fe -optional version 

oo 

T) k, ° X := ^ 'Dj'k6 k Xh k lL^rp k rp k ^. 

71=0 

Indeed, lim^oo V k X exists weakly in L 1 (A x P) if, and only if, lim^oo V k >°X. In 
this case, lim^oo V k X = lim^oo T> k *°X. 

Let us begin with the following technical Lemmas. 
Lemma 5.1. // g £ L°° then for every 1 < p < oo 



Esup 



E[g\g k ]-E[g\g k _^ 



v 



as k 



Proof. Let us recall the following pseudometric on the space of sigma-algebras 



d(g k g k 1 )=msix{ sup inf F(EAF), sup inf ¥(EAF) }, 



:S2 
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where £/„ = Q„_i V er(2 k a k ;T k ). The additional information in £/„ comes only 
through a(a k ,T k ) where maa;{sup„> 1 |T* - |, sup^ \B T k - B T k_\} -> a.s 
as /c — > oo. Therefore, it is straightforward to check that 

lim supd(^,^_ 1 ) =°- 

By repeating the same arguments given in ([7];Th. 3) one can easily check that in 
this case E[g|(/„] — E[(7|t7*_ 1 ] — > as k — > oo in probability uniformly in n > 1. □ 

In the sequel, for a k :— \A k , ^4 fc ] t — (A k , A k ) t we write f Y s da k to denote the cor- 
respondent Lebesgue-Stieltjes integral w.r.t the locally integrable variation process 
a k . 

Lemma 5.2. Let X be a Wiener functional such that £ P (X) < oo for 1 < p < 2. 
Then for every t G [0, T] 

t 

V k Xda k -> 

./o 

ZioWs weakly in L 1 as k — > oo. 

Proof. At first, one can easily check that E J Q T |V* X| Var(a fe )(ds) < oo for every 
> 1. We fix f £ [0, T], g £ L°° and let us denote by C a generic constant which 
may differ from line to line. From ([42]; Prop. 2) we shall write 

a k = y AAjdA* = / A.lSM': - Zf 

where 



A.A fc = y^(B T k - ^T*_ 1 )l[[T*,!r*]]) 
n=l 

Z t fc := [/ AAjdA*] j'* and / * AAjdA* is understood in the Lebesgue-Stieltjes 



n=l 

/ i< .. . r c \ iZ/ 4fej p -' c .„„! r* 
sense. 

The idea is to use AA k as a mollifier which compensates the singularity (B T 
B T k ) _1 for k sufficiently large. By the very definition 



(5.2) / gV«Xda K s = 



t 



[ gV*XAA k dA k s 
Jo 



(5.3) - / gV k XdZ k , 



where the integrals in (|5.2|) and (|5.3[) are understood in the Lebesgue-Stieltjes sense. 
By taking advantage of the F fe -predictability of V k X we shall use the predictable 
and optional dualities at the same time on ¥ k to write (see [25 Th. 5.26) 



/ gV k Xda k .... / k '°[g] s V k XAA k s dA k 

Jo Jo 

- E [ k >P[g] s V k XAA k dA k . 
Jo 
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By the very definition 

oo 

(o,k [g] _ M[ ff ]) V ^Ayl fe = ^/3,'; 7 ^A ( 5 fe X T ,_ i l [[TnfeiTnfe]] , 



n=2 



where f3 k := ^[g\Q k ] - ^[g\Qn-i] and 7^ := -%^;n > 2, where a k is given in (|2~2 
Therefore, Holder inequality and the p-finite energy assumption yield 



E f gV k s Xda k s 
Jo 



1 J2 fi<y*A6 k X T >_ i AA*u l {T „< t} 

00 

< e 1 ^ \ a ^ x t^ i p i{T„< t} x e 1 ^ i^aa^ ri {T „< t} 



n=2 

where - + - = 1. So now it is enough to show that 

p q to 



;£|^AA^ri {Tn < T} ^0 



as k — > 00. Since g > 2, we shall take an arbitrary 77 > and we use Lemma 15. II to 
get 



E^|/#AA* fc |'l {T „< T} < Esup|^n^ fe ,^ fe ] T 



n=2 



< C?7 + 2|| 5 || 9 / [A fe ,A fe ] T tflP-»0 

"'{sup„> 1 \P*\">v} 



as A: — > 00. In the last above inequality we have used the fact that [A^A^t is 
uniformly integrable. Since g G L°° was arbitrary, we may conclude the proof of 
the Lemma. □ 

Now we are in position to show the main result of this section. 

Theorem 5.1. If X is a Wiener functional with p- finite energy for 1 < p < 2 such 
that (X,B) S exists, then lim^oo T> k X exists weakly in L 1 (A x P). In particular, 
any finite energy S-weak Dirichlet process X admits a unique S -decomposition 



X t = X + I H x dB s + N t x 



where the progressive process H x which represents the martingale part is actually 
given by 



H 



x 



~ 5 k X n - S k X 7 
lim \ 



— h k \^r k T k +1 [[ weakly in L 1 (A x P). 
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Proof. In order to show the weak convergence in L 1 (A x P), it is sufficient to prove 
that 

lim Eg [ V k s Xds exists for every t e [0,T] and g 6 L°°. 

k^oo J Q 

At first, by the very definition 



Eg [ V k Xds = Eg [ V k s Xd(A k , A k ) s 
Jo Jo 

= Eg [ V k Xda k + Eg [ V k Xd[A k , A k ] Sl 
Jo Jo 

where a\ — (A k ,A k ) t — [A k , A k ] t . One should notice that 

(5.4) / V k Xd[A k , A% = £ V n S k X(B T , +i - B T k)H {T k + ^ t} . 

"'O n=0 

On the other hand, by assumption 
(5.5) 



k — »oo k — »oo ■ 

n=l 



lim [S k X,A% = lim V (V T kd k X) [B T k - B T k ) l, T k <t} = (X,B)f weakly ini 1 ( 

. — i-v, u — >r >^, ' ^ n \ n 71 — 1/ n 



By construction (B T k ^ — B T k) 2 = (B T k — B T k J 2 for every n > and i > f . By 
rewriting (|5.4|) and using (|5.5p it follows that 



/ V s fc Xd[A fe ,,4 fc ] s = [S k X,A% 
Jo 



- '^'D T k8 k X(B T k - B T k ^ 2 \^ T k ^ t<T k^ —> (X,B) s t 

i=l 

weakly in L 1 (P). This convergence together with Lemma T5.2I allow us to conclude 
that 



(5.6) 



lim Eg [ V k Xds = Eg(X, B) 



Since g G L°° and t S [0, T] were arbitrary, we may conclude that lim^oo T> k X 
exists weakly in L 1 (A x P). In the particular finite energy case, X is a <5-weak 
Dirichlet process X = X + M x + N x where M x e H 2 and (N X ,B) S = 0. In this 
case, the linearity of V k yields 

V k X = V k M x +V k N x . 

By the orthogonality of N x w.r.t Brownian motion and using ()5.6|) it follows 
that 

lim V k N x = weakly in x P). 

k— *oc 
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Since M is a square integrable martingale there exists a progressive process H 
such that M x = J * H x dB s . In this case, Corollary Oyields (M x ,B) s t = f* H x ds 
and therefore we shall use again relation (|5.6[) to conclude that 

Um Eg [ V k M x ds = Eg [ H x ds, 
k^ 00 Jo Jo 

for every g 6 L°° and t € [0, T]. This allows us to conclude that lim^oo V k M x = 

H x and therefore limfe^ V k X = H x weakly in L x {\ x P). □ 

Remark 5.1. We notice that any Wiener junctional satisfying the assumptions of 
Theorem \3.1\ is a finite energy S -weak Dirichlet process. Therefore, Theorem \l.l\ is 
an immediate consequence of Theorem \5.1\ 

In view of the above result, it is natural to introduce the following notion of 
stochastic derivative. 

Definition 5.1. We say that a Wiener functional X is differentiable w.r.t the 
Brownian motion if the following limit 

lim V k X 

k — >oc 

exists weakly in L l {\ x P). // this is the case, we define 
VX := lim V k X = lim V k '°X. 

k — >oc k — >oo 

Therefore, any process which satisfies the mild conditions in Theorem 15.11 is 
differentiable w.r.t Brownian motion. Although the existence of VX has its own 
importance when p =/= 2 in Theorem 15. li the most interesting case happens when 
X has finite energy. By applying Theorem 15.11 to the classical Ito representation 
theorem we arrive at the following result. 

Theorem 5.2. If F is an J-T-square integrable random variable then 

F = E[F]+ [ V s FdB s , 
Jo 

where 



( , 7 , _ r ^ E[F\g^-E^\gl^ 

n=l J n 

weakly in L 1 (AxP). Therefore, Clark- cone formula implies thatD t F = E[D t F\ J- t ] 
where D denotes the Gross-Sobolev derivative of F in L 2 (P). 

Remark 5.2. If F is not differentiable in the sense of Malliavin calculus, the Gross- 
Sobolev derivative D t F is interpreted as a generalized process where E[D t F\ !F t \ can 
be interpreted as a real process in L 2 (\ x P). See 2, 5 for more details. 

6. Examples of representations and derivatives 

In this section, we apply the abstract framework developed in the last sections 
to concrete Wiener functionals. 
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6.1. First passage time martingale representation. 

Let {|-Bt|;F;i > 0} be the reflected Brownian motion, where by Tanaka formula 
the following representation holds 

\B t \= f sgn(B u )dB u + 2L° t , 
Jo 

where lP t is the local time at zero. Let us fix an arbitrary a > and consider 

T a := inf{t > 0; \B t \ = a}. 

It is well-known that T a has the same distribution as a 2 T\ where T\ — inf{i > 
0; \B t \ = 1}. Moreover, the second moment is given by E|T Q | 2 = ca 4 + a 2 for some 
constant c > 0. Let At (a) = E[T Q |JT t ], < t < oo be the square integrable Levy 
martingale generated by T a . By Theorem 15.21 we know that if < T < oo then 

(6.1) A T (a) = a 2 +[ V s A T (a)dB s . 

Jo 

The abstract representation (|5.7| for 2? At (a) can be written as follows. At first, 
we notice that 



Wa\Qi] = Tl + mf{t > T*; \B t \ = a} on {T„ & < T a } 

and therefore 



E[T a \g>] - E[T Q |^_ X ] = T* - T*_ x on {T*_ x < T* < T a }. 

Now we pick up a set Q* of full probability and consider a sequence of random 
variables on tt* given by N^(uj) := m if and only if T^(lu) < T a (uj) < T^ +1 (lo). 
Therefore, we shall write 



n=l J " J n-1 n=l J " 

and we notice that 2?At(o;) does not really dependent on < T < oo. By taking 
T — » oo in (|6.ip and using Theorem 15.21 it follows that 



N 
V 



^ B 

71=1 



B 7 



weakly in x P) on M x 17, where 



T a = a 2 + / V s T a dB s . 
Jo 
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6.2. Change of variables formula for (5-weak Dirichlet processes. In this 
section, we provide a change of variables formula for a class of finite energy 5- 
weak Dirichlet processes. We fix a continuous Wiener functional X which satisfies 
condition (BUI) and £f(-X") < oo. Next, our goal is to show a chain rule for 
the stochastic derivative operator T>. In order to avoid the somewhat complicated 
conditional expectation structure which arises from the definition of T>, we will work 
with the following sequence of F fe -predictable processes 



(6.2) B k G{X) := 01 [[T fc iT(f]] + ^ V T kG(S k X)h k l ]]T ^ T k 

where 



+i J - 

n=0 



~ G(S k X T „)-G(5 k X Tk ) 
VG{8 k X):=Y J 7^ 5 -iKffl], k>l. 



71=1 J " 



The next Lemma states that in the particular case of a Wiener functional of the 
form G(X), we shall also work with (|6.2p in order to compute T>G(X). The proof 
is almost identical to Lemma 15.21 and Theorem 15.11 For the sake of completeness 
we give the details here. 

Lemma 6.1. If G is Lipschitz then the following convergences hold true 
lim / m> k G(X)ds = lira [G(5 k X),A k ] t 

fc— i-oo Jq k— >oo 



(G(X),B)i 



[ V k G(X)ds, weakly in L 1 < t < T. 
'Jo 

Proof. Since G is Lipschitz and £f (X) < oo we have 



= lim 

k — >oo 



supE[G{5 k X),G{S k X)] T = supE^ |AG((5 fe X T ,)| 2 a {T ^<T} 



k>\ 



(6.3) < \\G\\ Lip £ 2 {X) < oo. 

In this case, we shall apply the same arguments used in Lemma 15.21 to prove that 
for each < t < T 



[ W k G(X)da k ^O weakly in L 1 , 
Jo 

where Y k G(X) = Ol^^] + Y,n=o V nG{8 k X)\ ]]T k^ +i]] , k > 1 and a k as 
in Lemma 15.21 Moreover, the same argument used in Theorem 1 5 . 1 1 also applies to 
W k G{X) in order to prove that for each < t < T, 

(6.4) lim / W k G(X)d[A k ,A k ] s = hm [G(8 k X),A k ] t weakly in L 1 , 

k~*OG Jq k — !-00 
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provided that the second limit in (|6.4|) exists. In fact, since G is Lipschitz and X 
satisfies condition (BUI) we do have G(8 k X) — > G(X) strongly in B 1 . Moreover, 
since G(8 k X) is a step process such that {AG(6 k X) ^ 0} c U^LjfT*,!*]] and it 
satisfies (|6.3p . we may apply the same arguments used in Proposition 14. II to show 
that 

lim [G(S k X),A k ] t exists weakly in L 1 , 

k — >OG 

for each < t < T. Now since G(5 k X) - 6 k G(X) -> strongly in B 1 we do have 
lim [G(S k X) - S k G(X), A% = weakly in L 1 

k—*oo 

for each < t < T. Therefore, 



lim [G(S k X),A k ] t = lim [S k G(X),A% 

k—*oo ' k — >oo 



(G(X),B) s t weakly in L 1 . 



Finally, by writing 



t rt 
B k G(X)ds = / Y k G(X)d(A k ,A k } s 

ii 

t ft 

k, 



\ k G(X)da k + / W k G(X)d[A k ,A k 
!i Jo 



and summing up the above conclusions we have 

lim / B k G(X)ds = lim [G{5 k X),A k ] t 
= lim [5 k G(X),A k ] t 

k—>oo 

= {G(X),B)f weakly in L 1 , 0<t< T. 

□ 

By the very definition of the weak topology of L X (A xP), one should notice that 
lim B k G(X) = lim W' k G{X) 

k — >oo k — >oo 

provided one of the limits exists. Here lB°' k G(X) is the optional version of H) k G(X). 
Now we are able to prove the main result of this section. We study the decompo- 
sition for C^-real-valued functions with bounded derivatives. 

Theorem 6.1. Let X = Xq + M + Z be a continuous S-weak Dirichlet process 
satisfying (BUI) and such that < oo. Assume that F is a C 1 -real valued 

function with bounded derivative f. Then the process F(X) is a finite-energy 5- 
weak Dirichlet process and the following decomposition holds 
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(6.5) F(X t ) = X Q + [ f(X s )dM s + V t , < t < T. 

Jo 

The non-martingale part is given by 

(6.6) V. = lim / U k ' F h k ds weakly in B 1 

where 
(6.7) 

1 OO 

U k > F = 01 {T , =t} + graif X)E[iW - nx^JlGLi^ = P { T*_ I<t <T„n 

n=l 

Proof. In order to prove our statement, we fix < t < T and g G L°°. Throughout 
this proof C will denote a generic constant which may differ from line to line. From 
Proposition I4.ll and Theorem I5.ll we already know that 

(6.8) F(X t ) = F(X ) + [ V s F(X)dB s + V t , 

Jo 

where by Theorem I3.II the non-martingale part V is given by the limit (|6.6j) 
and (|6.7p . So in view of Lemma I6.ll and the definition of the weak topology of 
L : (A x P), in order to show (|6.5|) it is sufficient to prove that 



(6.9) 



lim Eg [ B° s k F(X)ds = Eg [ f(X s )V s Xds, 



where H) ' k F(X) is the optional version of ~B k F(X) given in (|6.2[) . In order to 
show (|6.9p . we fix e > and we write the increments by means of a Taylor expansion 
as follows 



F(S k X n )-F(S k X T , J = f(6 k X T * i )M k X T ,+R £ {8 k X Tli i ,S k X T u) on{T k < t} 
where R e (5 k X T u_ , 5 k X T u) := C e k n A5 k X T * and C E k n satisfies 

(6.10) \Cl n \<snp\f(x)\ 

(6.11) limlimsupP{sup|Cf Jl {T *< t) > n} = Vr? > 0. 

fc^oo n>l 

From the Taylor formula we have 
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■■ k F(X) 



~ f(S k X Tk )AS k X Tk 

2^ ?4t hit 



AA k Tk 



{T%<s<T* +1 } 



™Rt(6 k X Tk ,8 k X Tk ) 

+ £- 

n=l 



AA k Tk 



J k (s) + J k (s) 0< S <T, 



so we write 



(6.12) Eg f B>°s k F(X)ds = Eg [ J k (s)ds+Eg[ J k (s)ds. 

Jo Jo Jo 

The second term can be estimated as follows 



Eg [ J k {s)ds 
Jo 



< ll/IINI / \V°> k X\d(A x P) 

J{s*p K n |cj, n |>t)}x[o,r] 

+ / \V°- k X\d(\ x P) 

Jfix[0,T] 



for a given 77 > 0. From (|6.10p . (|6.1ip and the uniformly integrability of T>° ,k X we 
may take e J. and fc — » 00 to conclude that the second term in 16 . 12(1 vanishes. 
Now let us estimate the first term. We notice that we shall write 



f J k {s)ds= I f{X k -)V° s k Xds, 
Jo Jo 



where 



x k - = Y J S k X T k_l 



[K,t* [[• 



n=l 



Let 



(6.13) 



Eg / J?(s)ds 
Jo 



Eg 



f [f{X k -)-f{X s ))v° s > k Xds 



Eg I f(X s )V°' k Xds 



Since we know that V°> k -> VX weakly in L X (A x P) and gf(X.) £ L°°(A x P), 
we do have 

E [ gf{X s )V°> k Xds • E / gf(X s )V s Xds as k -> 00. 
Jo Jo 

The first term in (|6 . 1 3[) can be estimated as follows 
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EgJ*{f(Xt)-f(X s )}v° s k Xds < cj^ 



|X>°' fc X|d(A x P) 

/A fc ( tJ )x[0,T] 

+ V \\g\\ I \V°- k X\d(\ x P). 

Jflx[0,T] 

where A fe (fy) = {sup 0<s<T \f(X k ~) — f(X s )\ > n} for a given 77 > 0. Since 
f(X k ~) — > f(X) uniformly in probability and T>° ,k X is uniformly integrable on 
L l {\ x P) we do have 

Eg [ j£{s)ds^E f gf{X s )V s Xds. 
Jo Jo 
This shows (|6.9|) and therefore Lemma I6TTI yields 



(6.14) lim D°' k F(X) = VF(X) = f{X)VX. 



k — >oo 



Identities (|6.14p and (16. 8j) allow us to concludes the proof. □ 

Remark 6.1. Under the same assumption of Theorem \6.1\ but F : R — > R assumed 
only Lipschitz, we have F(X) is a finite energy S-weak Dirichlet process as well. 



6.3. Fractional functionals. 

In this section we illustrate that our smooth semimartingale approximation 
scheme applies to a significant particular case. We suppose that the Wiener func- 
tional is induced by the fractional Brownian motion B H (henceforth abbreviated 
by fBm). In this case, as discussed in previous sections, the limit will not be a 
semimartingale but the pre-limit sequence are given by F fc -special semimarthigales 
and hence with a much simpler probabilistic structure. Similar types of approxima- 
tions have been recently proposed in the Mathematical Finance context. See the 
works [28], [40], [39] and other references therein. Contrary to previous works, we 
are able to explicitely identify the semimartingale structure of the discrete skeleton 
in its own natural filtration ¥ k which converges to the filtration generated by fBm. 
Moreover, we start with the fractional functional itself instead of an external pro- 
cess with given parameters (e.g. Poisson and renewal processes). Such result is a 
straightforward consequence of Theorem 13.11 and Theorem 16.11 

In view of the finite energy assumption in Theorem 13. 11 we restrict our analysis 
to the case H > 1/2. The fBm admits the following Volterra representation 

Bf = f K(t,s)dB s , 
Jo 

where K(t,s) = cs 1 / 2 -" f*(u - s) H - s / 2 u H - 1 / 2 du for < s < t < T and c is a 
positive constant. By the very definition, B and B H generates the same filtration 
F. 

Proposition 6.1. Let f : R — > R be a function of class C 1 (R) with bounded 
derivative. Let M k,H and N k ' H be the correspondent canonical ¥ k -decomposition 
of S k f(B H ). Then f(B H ) is a finite energy 5-weak Dirichlet process where 
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M k ' H = j V s S k f(B H )dA k s -> 0, 

1 00 /•• 

weakly in B 1 as k — > oo. 

Proof. Since £ B 2 has continuous paths then it satisfies condition (BUI) and 
therefore 5 k f(B H ) -> /(B H ) strongly in B 1 . In view of Theorem 16.11 and Proposi- 
tion 14. 1| we only have to check that £2(B H ) < oo. But this is a simple application 
of Fernique 's Theorem together with the fact that fBm admits 7- Holder continuous 
paths for 7 > 1/2. In this case, similar to the deterministic partition case we have 



00 



2 



^Z*_, ) ^{T£<T} 

_n=l 

By applying Theorem 13. II we conclude the proof. 

□ 



Remark 6.2. A natural issue regarding the above approximation is about complete- 
ness and no-arbitrage structure for the skeleton (6 k X, ¥ k ) when X is a geometric 
fBm. Related questions have been discussed in [28, 40, 39J starting with a given 
renewal counting process with suitable parameters. We believe that the financial 
market arising from the embedded semimartingale structure (S k X,¥ k ) can poten- 
tially be useful to understand the fine structure of a fractional market due to the 
very simple sample paths of S k X where the martingale part only jumps at (T k ) n >i. 

7. Discrete approximations of the Ito formula and integrals w.r.t 

local times 

In the remainder of this section, we fix y £ K and we consider the Brownian mo- 
tion B starting from Bq = y. We begin by identifying the canonical representation 
of the F fc -special semimartingale S k F(B). It is a simple exercise the application of 
Proposition 1 2 . 1 1 to get the following result. 

Lemma 7.1. Assume that F is a locally bounded function. Then the ¥ k -decomposition 
(M k ' F 7 N k ' F ) of F{B) is given by 

F(A k ) = F(A k ) + f V s F(A k )dA k + f U k > F h k ds, 
Jo Jo 

where 

kF 1 \F(A k +i2- k )-F(A k )} 
(7.1) U k ' F = -J2 ^^-^ Tpk -^-1 0<t<T. 

i=-l 

Let us now study under what conditions one may apply Theorem 13.11 developed 
in the last section to the Wiener function F(B). In the sequel, we make use of the 
following sequence of F-stopping times given by 

S m = vai{t>Q;\B t \ = 2 m } ; m > 1. 
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One should notice that S m is an F fe -stopping time for every k > m. Our method 
is based on the construction of the Brownian local time via the random walk A k , see 
Knight [SHUSH] and other references therein. Let i2~ k be a partition of [— 2 m , 2 m ] for 
i = -2 m+k , ...,—1,0,1, 2 m+k . With this partition at hand, we define the following 
process on [0,T] x [-2 m ,2 m ] 



v k > m (tr) ■= E (^™ lj} (^) + ^™_ 1} (^))a [ ( J - 1 ) 2 - j2 -), 

j=— 2 m +*+l 

where 

oo 

V{M-iy(t,x) ~ E ^-{A^ =32- k ;A k Tk =(j-l)2-"}^{T k <tAS m }, 
n=l 



(j-l)2-M£ k =j2-*}^{T*<tAS m }> 

for (j - l)2~ fc < x < j2~ k and < t < T. To shorten notation, we write A{ := 
F{j2- k ) - F((j - l)2- k ) for j = -2 m+k + 1, • • • , -1, 0, 1, 2 m+k . By the very 
definition, we notice that 



Zl 2 k J2 1 {A k Tk =0'-l)2-M*„=j2-*}l{T*<tAS m }A 
j = -2'"+ fc + l "=1 ™ _1 



2' 



t + k 



E 2 ^E 1 ^ =i2- fe ;A* =(j-l)2-*} 1 {T*<iAS m } A 



j=-2 m + fc +l "=1 



The same arguments applies to [F{A ),F(A )] and therefore we arrive at the fol- 
lowing result. 

Lemma 7.2. If F is a real Borel function then 



2 m+k 

(7.2) [F(A k ),A k U Sm = J2 2-V' m (*,(j-l)2- fe )A- 

j=-2 m + k +l 



2 m + fc . 

(7.3) [F(A k ),F(A k )] tASm = J2 [^] 2 2- 2 V' m ^(j-l)2^), 

j=-2 m + fc +l 

for every t £ [0, T]. 

In the sequel, Lf denotes the Brownian local time process. A straightforward 
application of ([29 ; Th 0.2) and ([3]; Prop. 2.1) gives the following result. 
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Lemma 7.3. For every t E [0, T] and m > 1, 

lim 2-V ,m (*,a:)=2L^5 ra 

A: — >oo 

m L 1 (P) and a.s uniformly in x. 

We are now in position to prove the following result. In the sequel, if F is a 
bounded variation function then we denote /if the correspondent Lebesgue-Stieljtes 
measure. 

Lemma 7.4. If F has bounded variation then the covariation process (F(B), B Sm ) 5 
exists. In this case, 

/+oo 
2Lf ASmf x F (dx). 
-oo 

In particular, if F(x) — Jq f(y)dy is absolutely continuous then 

(7.5) lim (F(B), B)f AS = f f(B s )ds a.s, < t < T. 

Proof. Assume that F has finite variation and let us fix t G [0, T] and m > 1. 
From (|7.2|) we shall write 



[F{A k ),A k ] tASm = [2-V ,m (*,(i-l)2- fe )-2L 

j=-2 m +*+l 



(j-l)2- fe 
tAS m 



j=-2 m +*+l 



Tf m (t)+T*' m (t) 



k,m / 



By Lemma f7.3l and the bounded variation assumption it follows that lim^oo T k ' m (t) 
a.s and in L 1 (P). Moreover, the continuity of £ tA g m yields 

lim T k ' m {t) = 2 [ L x tAS n F (dx), a.s and in L X (P). 
Since L x ASm is continuous and zero outside the interval [—2™, 2 m ], we have that 



L tAS m t l F(dx) 



From the above convergence, we conclude that the identity (|7.4p holds. In par- 
ticular, if F is absolutely continuous then Engelbert-Schmidt Zero-One law yields 



lim (F(B),B) 



= lim 



t/\S„ 



f(B s )ds = / f(B s )ds, a.s < t < T. 



□ 



WEAK APPROXIMATIONS FOR WIENER FUNCTIONALS 



45 



Lemma 7.5. Assume that F is an absolutely continuous function with locally 
square-integrable derivative. Then the process F(B) has 2-finite energy (locally) 
and 



(7.6) 



(F(B),F(B)) s t = [ \f(B s )\ 2 ds, iffe L 2 (R). 
Jo 



Proof. At first, we fix to > 1 and we prove that / e L 2 ([—2 m , 2 m ]) implies that the 
process {F(£? tA s m );0 < t < T} has finite energy in the sense of Definition 13. II In 
the sequel, we denote by C a positive constant which may defer from line to line. 
If g e L 2 ([-2"\ 2 m ]), we shall define 

Mg(x) = sup ~ f + \g(y)\dy - 2 m < x < 2 m . 

h>0 n Jx 

It is well known that || Mg \\i,2< C || g \\r,2 for some constant C. Then, it follows 
from (O) that 



2 m+fc 

E[F(A k ),F(A k )] tASm < \Mf((j-l)2- k )\ 2 E[2- k v k > m (tAS m ,(j-l)2- 

j=-2 m + k +l 



< C Y, [Mf((j-l)2- k )] 2 2 

j=-2 m + k +l 



-k 



< C\\Mf\\ L2 <C\\f\\ 



L 2 ■ 



This shows that £ 2 (F(B)) < oo (locally) if / £ I? (f E Lf oc ). It remains to 
establish (|7.6|) . For this, let to > 1 and t G [0,T] and we consider the following 
approximating sequence in L 2 [— 2 m ,2 m ] 



+ k 



9 k '■- H ^r| 1 [0'-i)2-fcj2-fc)- 



j=-2 m + k +l 

The Lebesgue differentiation theorem yields lim^oo g k — f a.s and a simple 
application of Fatou lemma gives 

(7.7) sup/ \g k (x)\ 2 dx< [ \f(x)\ 2 dx<oo 

t>U-2™ J-2 m 

By (I7.3P in Lemma [7T21 we shall write 

[F(A k ),F(A k )U Sm = [ 2 \g k (x)\ 2 [2- k r 1 k > m (t,x)-2L* AS . 

1 k (x)\ 2 2L^ Sr -J- - jk ' m <^ ' ' k 
By applying Lemma [731 and (|7.7[) it follows that 



2" 

dx 

\g k (x)\*2L* ASm dx = J k > m {t) + J k > m (t). 

-2"» 
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E|Ji' m (t)|^0 asfc-^oc. 

In order to evaluate the limit in the weak sense of the second term, we take 
an arbitrary g G L°° and let us denote (fit,m( x ) '■= ^[s^ms ]• We claim that 
{\g k \ 2 (f>t.m ; k > 1} is uniformly integrable in 2 m , 2 m \. In fact, if A is any Borcl 
set in [— 2 m , 2 m ] then the continuity of the local time in space gives 



/ |/(a;)| 2 |^ t>ro (a:)|<2£ < 

J A 

< 

This proves our claim. In this way, 
i 1 [-2 m , 2 m ] as fc -> oo and therefore 



C / \g\x)\ 2 dx 

J A 

C [ \f{x)\ 2 dx Vfc > 1. 

J A 

we do have (\g k \ 2 - \f\ 2 )4>t,m — > in 



? fc (^)| 2 ~ |/(x)| 2 l^, m (x)dor 



< 



\g k (x)\ 2 - \f{x)\ 2 \<k, m (x)\dx^Q. 



This proves that EJ 2 ' m (i) 



>. 2 \l) —r E /_ 2m \f(x)\ 2 g2L^ AS dx as fc — > oo for every 
g E L°° and therefore it follows that 



<F(B),F(B)) t tf AS = 



|/(x)| 2 2^ ASm ^ = 



tAS„ 



l/(5 s )| 2 rfs. 



This concludes the proof of the Lemma. 



□ 



We are now able to show an intrinsic approximation for the local-time integrals 
when / £ L 2 (M). The proof is a simple combination of our results with the ones 
given in [201 ITS]. 

Proposition 7.1. Assume that F is absolutely continuous with derivative f £ 
L 2 oc (R) then 

F{B)=F{y) + ( f{B s )dB s -\ f f(x)d x L*. 

JO 1 JR 

Morever, if f £ L 2 (R) then the following approximation holds 
(7.8) 

i 1 r 

f(x)d x L x = lim / {F{A k s _+i2- k )-F(A k s _)}h k s ds weakly inB 1 . 



Proof. The proof is a simple consequence of the previous results together with Prop. 
1.4 in [20] and Th.3.1 in [18]. One can easily check that F(B) satisfies condition 
(BUI) (locally) if / e i 2 oc (M). Therefore, Lemmas El O and Theorems O allow 
us to state that F(B) is a local <5-weak Dirichlet process and therefore there exists 
a unique decomposition 



F{B) = F{y) +M + N, 
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where M € H 2 oc and N is 5-locally orthogonal to H 2 . Corollary 13. 2\ the expres- 
sion ([73]) . the orthogonality of N and Theorem lO yield M t = f* f(B s )dB s . By 
comparing the above decomposition with Prop. 1.4 in [20] and Th. 3.1 in [18j . we 
shall conclude from (|7.1|) in Lemma [7TT1 and Theorem l3.1l that the convergence given 
in (JTjBJl holds. □ 
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